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CURVES ON K3 SURFACES
XI CHEN, FRANK GOUNELAS, AND CHRISTIAN LIEDTKE
ABSTRACT. We complete the remaining cases of the conjecture predicting exis-
tence of infinitely many rational curves on K3 surfaces in characteristic zero, and
improve the proofs of the previously known cases. To achieve this, we introduce
two new techniques in the deformation theory of curves on K3 surfaces.
(1) Regeneration, a process opposite to specialisation, which preserves the
geometric genus and does not require the class of the curve to extend.
(2) The marked point trick, which allows a controlled degeneration of rational
curves to integral ones in certain situations.
Combining the two proves existence of integral curves of unbounded degree of
any geometric genus g for any projective K3 surface in characteristic zero.
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1. INTRODUCTION
There is extensive literature on the existence and deformations of curves on K3
surfaces. In genus zero, existence of rational curves was settled in Mori–Mukai
[MM83] following an argument originally due to Bogomolov and Mumford. It has
since been expected that the following stronger statement should be true.
Conjecture 1.1. Let X be a projective K3 surface over an algebraically closed
field. Then X contains infinitely many rational curves.
This conjecture has been established in many important cases: for very general
K3 surfaces in characteristic zero [Che99, CL13], for K3 surfaces with odd Picard
rank [LL11] (building on ideas of [BHT11]), for elliptic K3 surfaces and K3 sur-
faces with infinite automorphism groups [BT00, Tay18], and for some special K3
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surfaces [Cha14]. We refer to [Ben15, Huy16] for a survey and further details. The
main result of this paper is the following.
Theorem A. LetX be a projective K3 surface over an algebraically closed field k
of characteristic zero, letH an ample line bundle onX and let g ≥ 0 be an integer.
Then there exists a sequence of integral curves Cn ⊂ X of geometric genus g such
that
lim
n→∞
degH Cn = limn→∞
HCn =∞.
If g = 0, then this establishes Conjecture 1.1 in the remaining cases in charac-
teristic zero, thereby establishing this conjecture in characteristic zero.
To prove the above theorem we introduce two new techniques, summarised in
the following two subsections. Both techniques rely on the existence of integral
rational curves in high enough multiples of any ample class on a generic K3 surface
of Picard rank two, a result obtained in [CGL19] (see Section 3.2 for a summary
of the main results), which strengthens previous work of the first named author
[Che99].
1.1. The regeneration technique. The first technique we introduce in this article
provides a new method for constructing curves of prescribed geometric genus in
families of K3 surfaces. Let X → S be a family of K3 surfaces over the spectrum
of a DVR with algebraically closed residue field k, and denote by X0, Xη, Xη the
special fibre, the generic fibre and the geometric generic fibre, respectively.
Definition. A regeneration of an integral curve C0 ⊂ X0 is a geometrically inte-
gral curve Dη ⊂ Xη such that
(1) the geometric genus of C0 and Dη is the same, and
(2) the specialisation of Dη to X0 contains C0.
Thus, a regeneration of a curve can be viewed as the “inverse” of a specialisa-
tion with fixed geometric genus. It is easy to see that the specialisation of Dη is
equal to C0 and a (possibly empty) union of rational curves. The main point of a
regeneration compared to a deformation is that we do not require the class of the
line bundle OX0(C0) to extend from X0 to Xη. Therefore, regenerations are more
flexible than deformations. The price we have to pay for this flexibility is that we
must attach rational curves. The main result on regenerations that we prove in this
article is the following.
Theorem B. Let X → S as above and let C0 ⊂ X0 be an integral curve that
deforms in the expected dimension in X0, e.g. char(k) = 0 or C0 is at worst nodal.
Then the curve C0 admits at least one regeneration on Xη.
Again, we stress that we do not require that the class of the curve C0 in Pic(X0)
extends to Pic(Xη). On the other hand, if it does extend, then it is more or less
well-known that one can use moduli spaces of stable maps to deform C0 to Xη
while preserving the geometric genus. We refer to Section 2.2 and Lemma 4.5 for
further details.
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The condition of deforming in the expected dimension holds for every integral
curve C0 if the characteristic of the residue field k is zero, or if the singularities of
C0 are mild, e.g. any nodal curve has this property even in a unirational K3 surface
(see Proposition 2.7). In Section 5, we show by example that this assumption
cannot be dropped. If C0 is a rigid rational curve, then such a theorem was already
envisioned in [BHT11] and building on their ideas, [LL11] already proved some
important special cases of the above theorem.
The main applications of regeneration are to the construction of rational curves
on K3 surfaces, namely towards Conjecture 1.1 - in fact, this was the motivation
of [BHT11, LL11] where weaker versions of the regeneration theorem were de-
veloped. In particular, the regeneration theorem provides a slightly cleaner and
simpler proof of the main theorem of [LL11]. As another corollary of our regener-
ation technique we have the following specialisation result for Conjecture 1.1.
Corollary. If X0 satisfies Conjecture 1.1, then so does Xη.
Note that Conjecture 1.1 in characteristic zero is known to follow from the con-
jecture over Q. The above reduction now shows that it suffices to prove that for a
K3 surface X over Q, one need only find one prime p of good reduction where Xp
has infinitely many rational curves; we explain this and other related corollaries in
Section 5. Our proof of the conjecture in the remaining cases follows a different
approach though, outlined in the next subsection.
1.2. The marked point trick. By a theorem of Li and the third named author
[LL11] (see also Theorem 5.5), a K3 surface of Picard rank one has infinitely
many rational curves. Moreover, by work of Bogomolov–Tschinkel (see Section
3) the remaining cases of Conjecture 1.1 are K3 surfaces of Picard rank 2 and 4 that
are neither elliptic nor have infinitely many automorphisms. The difficulty is that
infinitely many rational curves on a very general K3 surface could all specialise to
finitely many on one of Picard rank 2.
To address this problem, we develop a technique of controlled degeneration,
which is a consequence of what we call the marked point trick in Proposition 6.14.
A simplified description of this is that, given a family U of surfaces, by marking
four special points on a reducible fibre of a family of stable genus 0 curves mapping
to the surfaces, we may conclude that, after pulling back the boundary of M0,4
under the moduli map, the locus of curves whose images in the surfaces is reducible
is in fact divisorial. One can then use basic properties of the moduli space of K3
surfaces to prove the following.
Theorem C. Let X be a non-supersingular projective K3 surface over an alge-
braically closed field k, with Pic(X) = Λ for a lattice Λ of rank r ≥ 2 and let
L ∈ Λ be an indivisible ample divisor on X. LetMΛ be a component of the mod-
uli space of Λ-polarised K3 surfaces containing the point representingX. Suppose
that for a general Y ∈ MΛ, there is an integral rational curve in |L| on Y . Then
the same holds for X, i.e., there is an integral rational curve in |L| on X.
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The above theorem, along with the existence of integral rational curves in all
positive enough ample classes on a general K3 surface of Picard rank 2 and 4
achieved in [CGL19] concludes the remaining cases of Conjecture 1.1.
1.3. Leitfaden. This article is organised as follows:
In Section 2, we recall and extend results concerning the Kontsevich moduli
space of stable curves on K3 surfaces.
In Section 3, we recall known facts about existence of rational curves on K3
surfaces, and extend them to genus 1. We recall also the resuls of [CGL19] which
will be used later on.
In Section 4, we establish Theorem B, proving regeneration of curves on K3
surfaces. The idea of the proof is similar to the use of rigidifiers as introduced by
Li and the third named author in [LL11]. Here, we need more general existence
results for such curves proved in [CGL19].
In Section 5, we discuss applications of the regeneration technique, reproving
the main theorem of [LL11]. Furthermore we extend regeneration to Enriques
surfaces and discuss it for other surfaces of Kodaira dimension zero.
In Section 6, we introduce the marked point trick and prove the main result of
this paper, namely Theorem A, by reducing it to the case of genus 0 and 1. This
is achieved by combining regeneration, the marked point trick and the results of
[CGL19].
1.4. Notation. A K3 surface X over a field k will be a geometrically integral,
smooth, proper and separated scheme of relative dimension 2 over k, so that ωX ∼=
OX and H1(X,OX ) = 0. Let S be a connected base scheme. Then a morphism
f : X S
is a smooth family of surfaces if f is a smooth and proper morphism of algebraic
spaces of relative dimension two whose geometric fibres are irreducible. In partic-
ular a family of K3 surfaces is a family of surfaces where every fibre is a K3 surface
as above. A property that holds for a general point in a set will mean that it holds
for all points of a Zariski-open subset, whereas a very general point will be one in
the complement of countably many Zariski-closed subsets.
Acknowledgements. We thank D. Huybrechts, K. Ito, M. Kemeny, G. Martin and
J. C. Ottem for discussions and comments and in particular A. Knutsen for remarks
and corrections. The first named author is partially supported by the NSERC Dis-
covery Grant 262265. The second and third named authors are supported by the
ERC Consolidator Grant 681838 “K3CRYSTAL”.
2. CURVES, K3 SURFACES AND MODULI
In this section, we study deformations of K3 surfaces and of curves in families
of K3 surfaces: first, via elementary deformation theory and second, via moduli
spaces of stable maps. Almost none in this section is new, but we gather facts and
definitions and extend them to positive characteristic, something not always easily
found in the literature.
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2.1. Lifting curves. First, assume that S is the spectrum of a complete DVR and
assume that there exists a relatively ample line bundle H on f : X → S. We
denote by Hη and H0 the restriction of H to the generic fiber Xη and the special
fiber X0, respectively.
Assume that the higher direct images satisfy Rif∗H = 0 for i ≥ 1, which is
the case if hi(X0,H0) = 0 for i ≥ 1, which is the case, for example, if H0 is
“sufficiently ample” by Serre vanishing. Then, f∗H is a locally free OS-module,
and thus, a free OS-module of rank h0(X0,H0). In particular, the maps
H0(Xη,Hη) H
0(X ,H ) H0(X0,H0)
ı π
have the property that π is a surjection and that ı is an injection that becomes an
isomorphism after tensoring with K . It is in this sense that we can lift curves on
X0 that lie in the linear system |H0| to Xη. In this case, the lifted curve lies in the
linear system |Hη|, but in general, other than giving an upper bound, one cannot
control the geometric genus of the lift.
Remark 2.1. If f is a family of K3 surfaces and H0 is big and nef, then the
vanishing assumption Rif∗H = 0 for i ≥ 1 is fulfilled, see, for example, [Huy16,
Proposition 3.1].
2.2. Deforming curves via moduli spaces of stable maps. In the previous sub-
section, we lifted curves from the special to the general fiber. However, this re-
quired some cohomology vanishing. Moreover, if the curve on X0 was singu-
lar, we could not control the geometric genus of the deformation. To control
this as well, we use moduli spaces of stable maps as introduced by Kontsevich
[Kon95] and we refer to [AV02] for various algebraic constructions, as well as to
[BHT11, HK13, LL11] for discussions that are already adapted to moduli spaces
of stable maps on families of K3 surfaces. We begin by noting that the arithmetic
and geometric genus of a curve C over a possibly non-perfect field k will be de-
fined as the arithmetic and geometric genus over the algebraic closure k of k, i.e.,
h1(C,OC) and h1(C
′
,O
C
′) respectively, where C = C ⊗k k and C ′ denotes its
normalisation.
A rational curve will be a geometrically integral curve over a field whose geo-
metric genus is zero. We call a rational curve in a variety rigid if it does not deform
in a one-dimensional family. In particular, we use the word rigid in the most liberal
manner, i.e., we allow infinitesimal deformations.
We mention that rational curves on K3 surfaces in characteristic zero are rigid.
Non-rigid rational curves exist on K3 surfaces in positive characteristic, but then,
the K3 surface in question is uniruled. We note that uniruled K3 surfaces indeed
exist and the first examples, which are even unirational, were given in [Shi74].
Moreover, by [Shi74, §2], the Picard rank of a uniruled K3 surface over an alge-
braically closed field is equal to its second Betti number, which is equal to 22, i.e.,
the K3 surface is supersingular (in the sense of Shioda). Since the Tate conjec-
ture for K3 surfaces is by now fully established, Shioda’s notion of supersingular
coincides with the others (height of the formal Brauer group [Art74] or in terms
of the Newton polygon on cohomology), see [Tot17]. We note that supersingular
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K3 surfaces form 9-dimensional families [Art74] and are thus very special, even in
positive characteristic. We also note that even on uniruled K3 surfaces in positive
characteristic not all rational curves move, see Section 3.
Let now f : X → S be a smooth projective family of varieties over a base
scheme S and H a fixed ample line bundle on X . There is a Deligne-Mumford
stack Mg(X /S, d) parametrising stable genus g maps from curves h : D → Xt
into fibres of f so that h∗[D].Ht = d ∈ Z (see e.g. [Ols16, Theorem 13.3.5], the
results ultimately going back to [Kon95, FP97]). Following [AK03, Theorem 50-
51], its coarse moduli space Mg(X /S, d) is a projective scheme. From [AV02,
§8.2], we have a closed and open substack, with projective coarse moduli space
denoted byMg(X /S, β), parametrising morphisms where h∗[D] = β for some
cohomology class β ∈ R2n−2f∗Zℓ (where ℓ is a prime invertible on S, which will
always exist in this article) whose cup product with Ht equals d.
If the fibres of f are smooth projective K3 surfaces, then rational, algebraic and
numerical equivalence all agree so we have a coarse moduli spaceMg(X /S,H )
parametrising maps so that OXt(h(D)) ∼= Ht.
Denote by (X,L) = (Xt,Ht) a fibre. We recall briefly the deformation theory
of [h : D → X] ∈ Mg(X,L) where h is a closed embedding and D is smooth
and irreducible. The deformation theory of the image D ⊂ X is determined in
the Hilbert scheme by the normal sheaf ND/X , with the Zariski tangent space to
the Hilbert scheme at the point D being given by H0(D,ND/X) and obstructions
lying in H1(D,ND/X). In other words locally around [D], the Hilbert scheme
Hilb(X) can be defined by up to h1(ND/X) equations in a smooth h
0(ND/X)-
dimensional space ([Kol96, I.2.17] for the similar relative statement). Similarly, if
we deform the morphism hwhile keeping the sourceD and targetX fixed, then the
deformations in Hom(D,X) are controlled by the sheaf h∗TX ([Kol96, Theorem
II.1.7]).
Assume now that h : D → X is a stable morphism that satisfies the following
two conditions.
(1) Every irreducible component of D is smooth.
(2) The morphism h is unramified.
To explain the second condition a bit, it implies that from the standard cotangent
sequence
h∗Ω1X Ω
1
D Ωh 0
we have a surjection h∗Ω1X → Ω1D → 0. More geometrically, this is the case for
example if h(D) is at worst nodal and all components Di ofD map, under h, bira-
tionally onto their image and all the h(Di) are distinct. From [Ser06, §3.4.2-3.4.3],
[GHS03, §2.1], [BHT11, §4], the deformation theory of such an h in Mg(X,L)
is quite well behaved. In particular the complex governing the deformations is
quasi-isomorphic to a line bundle Nh defined by the sequence
(2.2.1) 0 TD h
∗TX Nh 0.
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Definition 2.2. If h : D → X is an element ofMg(X,L), we say that it deforms
in the expected dimension if every irreducible component M ⊂ Mg(X,L) with
[h] ∈ M satisfies dimM ≤ g. We say that an integral curve C ⊂ X deforms in
the expected dimension if the composition of the embedding with the normalisation
morphism h : Ĉ → X does so.
For example, rational curves on a K3 surface in characteristic zero are rigid
and thus, deform in the expected dimension. We recall now that stable unramified
morphisms deform in the expected dimension, a fact which has appeared in various
forms in the literature [HK13, Proposition 2.3], [Kem15, Lemma 2.3.4], and later
on we will extend this to allow worse singularities.
Lemma 2.3. Let h : D → X be an unramified morphism from a connected, nodal,
(arithmetic) genus g curve to a smooth projective K3 surface over an algebraically
closed field k and assume that every irreducible component of D is smooth. Then
h0(D,Nh) ≤ g.
Proof. If D is irreducible, then taking determinants in the short exact sequence of
vector bundles
0 TD h
∗TX Nh 0,
we obtain Nh ∼= Ω1D and soH0(D,Nh) ∼= H0(D,Ω1D) ∼= kg. Note now that we can
always choose a labelling of the irreducible components ofD so that D = ∪ni=1Di
so that for all j ≤ n we have that ∪ji=1Di is connected: this is an assumption
in [Kem15, Lemma 2.3.4] but here is a simple proof that it always exists. By
induction, assume we have labelled the first k components so that for all j ≤ k we
have that ∪ji=1Di is connected. To conclude, from the set of remaining components
of D choose any one that meets one of the D1, . . . ,Dk - one such must exist
otherwise D would be disconnected.
Recall that [GHS03, Lemma 2.6] (or [Kem15, Proposition 2.3.1]) gives that
for any connected sub-curve C ⊂ D with {p1, . . . , pr} = C ∩ D \ C and hC :
C → X the restriction of h we have NhC (
∑r
i=1 pi) = Nh|C . In particular, let
T = ∪n−1i=1Di, {p1, . . . , pr} = Dn∩D \Dn and IDn be the ideal sheaf ofDn ⊂ D
and let us consider the standard short exact sequence
0 Nh ⊗ IDn Nh Nh|Dn 0.
Note now that IDn
∼= OT (−
∑r
i=1 pi) so Nh⊗ IDn ∼= Nh|T (−
∑
pi) ∼= NhT and
similarly Nh|Dn = NhDn (
∑r
i=1 pi) which gives
0 NhT Nh NhDn (
∑
pi) 0.
FromNhDn
∼= Ω1Dn it follows that since h1(Dn,Ω1Dn(
∑
pi)) = 0 by Serre duality,
we can compute by Riemann-Roch that h0(Dn,Ω
1
Dn
(
∑
pi)) = g(Dn)+ r−1 and
so since the inductive hypothesis gives that h0(T,NhT ) ≤ g(T ), we obtain
h0(D,Nh) ≤ h0(Dn,Ω1Dn
(∑
pi
)
) + h0(NhT )
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≤ g(Dn) + r − 1 + g(T )
= g(D). 
Theorem 2.4. Let X be a K3 surface over an algebraically closed field k and
L a line bundle on X. Assume there exists a stable (arithmetic) genus g curve
h : D → X with OX(h(D)) ∼= L so that h is unramified and every irreducible
component of D is smooth. Then h deforms in the expected dimension.
Proof. This follows immediately from Lemma 2.3 and the fact that the tangent
space to the deformation space of h has dimension h0(Nh). 
For the purposes of this paper we can relax the above conditions slightly, namely
to those of [BHT11, §4].
Definition 2.5. Let h : D → X be a morphism from a nodal connected curve. We
say that h is generically an embedding if there exists a dense open subset in D on
which h is an embedding.
In particular no irreducible components are being contracted via h. For a stable
morphism h : D → X which is generically an embedding, it is proved in [BHT11,
Lemma 11] that the deformation theory of [h] as an element ofMg(X,L) is con-
trolled by a coherent sheaf Nh on D that is generically of rank one. In the case
whereD is smooth and irreducible, its dual agrees with the kernel of the morphism
h∗Ω1X → Ω1D on the complement of the ramification locus of h. This sheaf is lo-
cally free if and only if h is unramified. Denote by Kh its torsion subsheaf fitting
in the exact sequence
0 Kh Nh N
′
h 0
so that N ′h is locally free.
Remark 2.6. As pointed out in [BHT11, p539], the substack
M
0
g(X /S,H ) ⊂Mg(X /S,H )
parametrising stable maps which are generically an embedding on every irreducible
component is actually a scheme. This follows from the fact that all stabilisers are
trivial since such stable maps have no automorphisms and that the stack admits
a morphism to the Hilbert scheme parametrising the image curves, and the fibres
of this morphism are finite since there are only finitely many connected curves
through which the normalisation of the image factors. One concludes by noting
that such a stack is a scheme ([AH11, Lemma 2.3.9] and [Sta19, Tag 0417]).
We now include a proof and extensions of the fact, well known to experts, that ir-
reducible curves on a K3 surface over the complex numbers deform in the expected
dimension.
Proposition 2.7. Let C ⊂ X be an integral curve in a K3 surface over an alge-
braically closed field k and let h : D → X be its normalisation. Then h deforms
in the expected dimension if any of the following conditions hold
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(1) char(k) = 0,
(2) h(D) ⊂ X is nodal,
(3) the geometric genus g(D) ≤ 1 and X is not supersingular.
Proof. The second claim follows from Theorem 2.4. For the first, if C is rational
then it must be rigid so we are done. In higher genus the key observation, due
to Arbarello–Cornalba [AC81, Lemma 1.4] (see also [HM98, Lemma 3.41]), is
that even though global sections of Nh parametrise first order deformations of h,
sections coming from Kh do not contribute to the deformations of the image of h.
For our purposes, the result is summarised succinctly in [DS17, Lemma 2.2]. An
application of this in our context (which follows from [DS17, Lemma 2.3, Theorem
2.5]) is the fact that assuming the genus g of D is at least one then, even though
h may be highly ramified as C is highly singular, the general member [f ] of an
irreducible component M ⊂ Mg(X,OX (C)) containing [h] will be unramified.
From Theorem 2.4 this implies that dimM ≤ g as required.
If X is not supersingular, then X is not uniruled by [Shi74, §2] and thus, the
third claim is clear when g(D) = 0. Now let us assume that g(D) = 1 and D
deforms in dimension ≥ 2. So there exists a two-parameter family of genus 1
curves on X. Fixing a general point q ∈ X, there is a one-parameter family of
genus 1 curves on X passing through q. If this family has varying moduli, then
it degenerates to a union of rational curves on X, one of them passing through q,
which implies thatX is uniruled since q is a general point. So this family of genus 1
curves must be iso-trivial. Suppose thatD is a member of this family and h(p) = q
for p ∈ D. Then the map h : (D, p)→ X deforms in dimension 1 with h(p) = q.
Therefore, there exists a dominant rational map f : Y = D×B 99K X with p ∈ D
such that f(P ) = q for P = π−1D (p), where B is a smooth projective curve and
πD : Y = D ×B → D is the projection to D. Clearly, f cannot be regular along
P . Let φ : Ŷ → Y be a birational morphism resolving the indeterminacy of f , i.e.,
such that f ◦ φ : Ŷ → X is regular. Then there must be a rational curve E ⊂ Ŷ
such that φ∗E = 0, E ⊂ φ−1(P ), (f ◦φ)∗E 6= ∅ and q ∈ F = f ◦φ(E). So F is a
rational curve on X passing through q. Again this implies that X is uniruled. 
Remark 2.8. Note that the extra condition in positive characteristic is necessary
as there are cuspidal rational curves on supersingular K3 surfaces that move. It is
likely one can improve the above result (and hence the main regeneration Theorem
4.3) in positive characteristic to allow singularities which are in a sense bounded
by the characteristic, as for example is done for rational curves in [IIL18], but we
do not pursue this here.
We have thus obtained upper bounds on the deformation spaces of stable mor-
phisms into K3 surfaces, and now we aim to achieve lower bounds using a classical
idea of Ran, Bloch and Voisin on the semi-regularity map and the twistor line. Our
proof is very similar to that of [BT00, §2.2], [BHT11, Theorem 18] and extends
[HK13, Proposition 2.1] to positive characteristic.
Theorem 2.9. Let X → S a smooth projective family of K3 surfaces over an irre-
ducible base scheme S and let H be a line bundle on X . Then every irreducible
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componentM ⊂Mg(X /S,H ) satisfies
dimM ≥ g + dimS.
Proof. Consider an irreducible component M ⊂ Mg(X /S,H ) through a point
h : D → X0 for 0 ∈ S. The usual lower bound on the dimension of such a
component (e.g. from [Kol96, Theorem I.2.15]) is given by
(2.2.2) dimM ≥ χ(D, (h∗Ω1X0 → Ω1D)∗) + dimS = g − 1 + dimS
(see [BHT11, p541] or [HK13, Proposition 2.1]). The aim now is to improve this
bound by one, which for example in the case that S is defined over the complex
numbers and H is fibre-wise ample, is achieved by deforming X0 in the direction
where it becomes non-algebraic, namely that of the twistor line.
More generally, let K = k(0) be the algebraic closure of the field of definition
of (X,L) = (X0,H0). If S is defined over Q then let A = K whereas in mixed
or positive characteristic let A =W (K) be the ring of Witt vectors. Consider now
Def(X/A) the smooth formal versal deformation space (see [FGI+05, Theorem
8.5.19], [Huy16, Proposition 9.5.2]) which is flat and of relative dimension 20 over
Spf A. From a theorem of Deligne [Del81, The´ore`me 1.6] (see also [Huy16, The-
orem 9.5.4]) the locus Def(X/A,L) ⊂ Def(X/A) where L deforms is a formal
Cartier divisor that is flat overA. In particular we can consider the equations defin-
ing the image of Spf OˆS,0 in Def(X/A,L) as equations in Def(X/A) and it then
follows from Deligne’s theorem (see also [Huy16, Corollary 9.5.5]) that after pass-
ing to a finite extension, we obtain a family fˆ : Xˆ → Uˆ with dim Uˆ = dimS +1
so that H only deforms in directions along S, i.e., the general fibre of fˆ will only
be proper and non-algebraisable, as the line bundle H is obstructed so cannot
deform in tangent directions transverse to those of S.
One can now form the limit of the corresponding moduli spaces (for the proper
fibres one uses [AV02, §8.4]) to obtain the formal schemeMg(Xˆ /Uˆ ,H ) over Uˆ .
The same computation as above in Equation (2.2.2) shows that the dimension of
an irreducible component Mˆ through h will now be g+dimS. On the other hand,
since O(h(D)) ∼= H , and H does not deform to the general fibre of fˆ , nor can
h(D). In other words, the moduli spaces Mg(Xˆ /Uˆ ,H ) and Mg(XU/U,H )
agree near h which gives the result. 
Corollary 2.10. Let f : X → S be a smooth projective family of K3 surfaces over
an irreducible base scheme S and H a line bundle on X . Assume there exists a
stable morphism h : D → X0 to some fibre X0 = f−1(0) so that OX0(h(D)) ∼=
H0 and h deforms in the expected dimension. Then any irreducible component
[h] ∈M ⊂Mg(X /S,H ) has dimension exactly dimS + g and dominates S.
Proof. Since from Theorem 2.9 every irreducible component [h] ∈M has dimen-
sion at least g+dimS then, for π :Mg(X /S,H )→ S, if we had dimπ(M) <
dimS there would have to be a t ∈ S so thatMt =M ∩ π−1(t) has dimMt > g,
but π−1(t) =Mg(Xt,Ht) contradicting the assumption. If dimM > dimS + g
then similarly some fibre would have too many deformations giving the same con-
tradiction. 
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2.3. Moduli of lattice-polarised K3 surfaces. First, we recall polarised moduli
spaces of K3 surfaces. If X is a K3 surface over a field, then a polarisation (resp.
a quasi-polarisation) on X is an ample (resp. big and nef) line bundle on X. A
(quasi)-polarisation is called primitive if it is indivisible in the Picard group, i.e.
it cannot be written as a multiple of another line bundle. If (X,H) is a (quasi-
)polarised K3 surface, then the self-intersection H2 is a non-negative and even
integer, which is called the degree. For every integer d > 0, there exists a moduli
stack M2d of degree 2d primitively polarised K3 surfaces. In fact, this stack is
Deligne–Mumford of finite type over Z and it is also separated [Riz06, Theorem
4.3.3]. We refer to [Huy16, §5], [Riz06] for details.
More generally, assume that Λ is a lattice or rank r and signature (1, r − 1)
which can be primitively embedded in the K3 lattice E8(−1)⊕2 ⊕ U⊕3. Denote
by∆Λ the discriminant (i.e. the determinant of the intersection matrix) of Λ. Then
we refer to [Dol96, Bea04, Ach19] for the construction of the moduli stack MΛ
of Λ-polarised K3 surfaces (which is again separated, Deligne–Mumford and finite
type over Z) and for conditions for its non-emptiness.
These moduli spaces have quasi-projective coarse moduli spaces, which we shall
denote byM2d andMΛ. The complex moduli space MΛ,C is of dimension 20− r
and if r := rank(Λ) is small enough (see [Dol96, Proposition 5.6] for particulars)
it is irreducible.
Regarding smoothness of the stackMΛ, we note that over the complex numbers
the above stacks are smooth [Dol96, Proposition 2.1], [Bea04, Proposition 2.6].
Over Z, we have at least the following result.
Proposition 2.11. ([Ach19, Proposition 3.3], [LM18a, §4] +ε) The stack MΛ is
separated and Deligne–Mumford. Over Z[1/∆Λ], it is smooth and of relative di-
mension 20 − r. Moreover, if (X,Λ) is a Λ-polarised K3 surface over an alge-
braically closed field k of positive characteristic p so that X is not supersingular,
then (X,Λ) is a smooth point ofMΛ.
Proof. What remains to be proven is that K3 surfaces of finite height give smooth
points in moduli. Note that from [vdGK00, Proposition 10.3] (see [Ogu79, Re-
mark 1.9] for the ordinary case), the finite height assumption implies that the map
Pic(X) ⊗ k → H1(X,Ω1X) is injective, so the rest of the proof is like in [Ach19,
Proposition 3.8] (see [LM18a, §4] for the formal deformation space). 
3. EXISTENCE OF CURVES
In this section we gather some facts about existence of rational curves that will
be needed in later sections. We by no means give a complete summary of the var-
ious problems in the area, but rather reference surveys in the literature. In Section
3.4 we extend some of the results below to the case of curves of geometric genus
1, as this will be needed in the proof of Theorem 6.1.
3.1. Rational curves. The fact that every projective K3 surface over the complex
numbers contains at least one rational curve was first shown by Mori and Mukai
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[MM83], who attribute this to Bogomolov and Mumford. We will need this result
in the following form.
Theorem 3.1 (Bogomolov–Mumford +ε). Let X be a K3 surface over an alge-
braically closed field and let L be a non-trivial and effective line bundle. Then,
there exists a divisor in |L | that is a sum of rational curves.
Proof. Over the complex numbers, this is shown in [BT00, Proposition 2.5]. For
an extension to positive characteristic, see [BHT11, Proposition 17] or [LL11, The-
orem 2.1]. 
3.2. Nodal rational curves on generic K3s. In [Che99], the first author proved
existence of integral nodal rational curves in all multiples of the polarisation of a
generic K3 surface of Picard rank one. In recent work of ours [CGL19], we ex-
tended this result to K3 surfaces of higher Picard. We reproduce now the statements
of the results which will be needed in later sections of this article.
Theorem 3.2 (Chen–Gounelas–Liedtke). Let Λ be a lattice of rank two with inter-
section matrix
(3.2.1)
[
2d a
a 2b
]
2×2
for some a, b ∈ Z and d ∈ Z+ satisfying 4bd − a2 < 0. Let MΛ be the moduli
space of Λ-polarised complex K3 surfaces and L ∈ Λ such that L is big and nef
on a general K3 surface X ∈ MΛ. Then there exists an open and dense subset
U ⊆ MΛ (with respect to the Zariski topology), depending on L, such that on
every K3 surface X ∈ U , the complete linear series |L| contains an integral nodal
rational curve if one of the following holds:
A1. det(Λ) is even;
A2. L = L1 + L2 + L3 for some Li ∈ Λ satisfying that LLi > 0 and L2i > 0
for i = 1, 2, 3;
A3. L = L1 + L2 for some Li ∈ Λ satisfying that LLi > 0 for i = 1, 2,
L21 > 0, L
2
2 = −2, L1 6∈ 2Λ, L1 − L2 6∈ nΛ for all n ∈ Z and n ≥ 2, and
L21 + 2L1L2 ≥ 18.
We will use Theorem 3.2 in the Regeneration Theorem 4.3 as follows. Fixing
L,C ∈ Λ such that L is ample on a general K3 surface X ∈MΛ, we want to show
that there are nodal rational curves in |NL − C| for N sufficiently large. When
det(Λ) is even, this is true as long asNL−C is big and nef. When det(Λ) is odd,
this is true if (N − 2)L− C is big and nef since we can write
NL− C = L+ L+ ((N − 2)L− C)
which satisfies the condition A2 in the theorem. In either case, we can find a nodal
rational curve in |NL−C| by Theorem 3.2 as long as we takeN
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Theorem 3.3 (Chen–Gounelas–Liedtke). Let Λ be one of the following lattices of
rank 4:
(3.2.2)


2 −1 −1 −1
−1 −2 0 0
−1 0 −2 0
−1 0 0 −2


(3.2.3)


12 −2 0 0
−2 −2 −1 0
0 −1 −2 −1
0 0 −1 −2

 .
Then for a general K3 surface X with Pic(X) = Λ, there is an integral rational
(resp. geometric genus 1) curve in |L| if L is a big and nef divisor L onX with the
property that
(3.2.4)
L = L1 + L2 + L3 for some Li ∈ Λ satisfying that
LLi > 0 and L
2
i > 0 for i = 1, 2, 3.
3.3. Minimal nef divisors. Next, we introduce a useful technique that allows us
to decompose divisors into “minimal nef” ones, which is somewhat reminiscent of
the Enriques Reducibility Lemma for Enriques surfaces [CDL, Chapter 2.3], or of
the Zariski decomposition.
Definition 3.4. We call a Cartier divisor L on a variety X a minimal nef divisor if
L is nef and there does not exist a nef divisor M on X such that M 6≡ 0,M 6≡ L
and L−M is effective, where “≡” denotes numerical equivalence.
We have the following simple observation:
Lemma 3.5. Let X be a projective K3 surface over an algebraically closed field.
Then every effective divisor D on X can be written as
(3.3.1) D =
m∑
i=1
Li + C = L+ C,
where Li are minimal nef divisors and C is an effective divisor whose support has
negative definite self-intersection matrix.
Proof. We consider the set
Π =
{
(L,C) : D = L+ C, C effective and
L =
m∑
i=1
Li for some Li minimal nef
}
⊂ Z1(X) × Z1(X).
Since D is effective, Π 6= ∅. Let us choose (L,C) ∈ Π that minimises degAC
for a fixed ample divisor A. We claim that the support of C has negative definite
self-intersection matrix. Recall that on a K3 surface, if a union of curves has nega-
tive definite self-intersection matrix, then it is a union of (−2)-curves with simple
normal crossings whose dual graph is a “forest”, i.e., a disjoint union of trees.
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Otherwise, suppose that the self-intersection matrix of supp(C) is not negative
definite. Then there exists an effective divisor B 6= 0 such thatB ≤ C andB2 ≥ 0.
By Riemann-Roch, there is a non-trivial moving part of |B| for such B. Therefore,
B = P +N
for some P 6≡ 0 nef and N effective. From the definition of minimal nefness, we
can write P = Q+M for some Q 6≡ 0 minimal nef andM effective. Then
D = L+C = L+B+(C−B) = L+P+N+(C−B) = (L+Q)+(M+N+C−B)
and hence (L+Q,M +N + C −B) ∈ Π. Since Q 6≡ 0 is nef,
degA(M +N +C −B) = A(M +N +C −B) = A(C −Q) < AC = degAC
which contradicts our choice of (L,C). 
Definition 3.6. We call (3.3.1) a minimal nef decomposition of D.
Proposition 3.7. Let X be a non-supersingular K3 surface over an algebraically
closed field and let Λ ( Pic(X) be a primitive sublattice of Pic(X). Suppose that
D2 6= 0 for all D 6= 0 ∈ Λ and there is an ample divisor A ∈ Λ satisfying
(3.3.2) AR ≥ 4A2 +
√
17(A2 − 2)A2
for all (−2)-curves R ⊂ X and R 6∈ Λ. Then there exists an integral geometric
genus 1 curve C ⊂ X whose divisor class does not lie in Λ.
Proof. We are a little sloppy on the distinction between a divisor D ∈ Z1(X) and
its divisor class [D] in Pic(X). For example, when we say D ∈ Λ or D 6∈ Λ for a
divisor D, we mean [D] ∈ Λ or [D] 6∈ Λ.
We claim that C as asserted exists if there is a minimal nef divisor D 6∈ Λ on
X. Suppose that D is a minimal nef divisor on X such that D 6∈ Λ.
If D2 = 0, then a general member C ∈ |D| is a smooth elliptic curve since
X is not supersingular and hence not uniruled (cf. [Huy16, Proposition 2.3.10]).
Suppose thatD2 > 0. Then there exists a smooth proper familyX → B = SpecS
over a DVR S such that X0 = X, whose geometric generic fibre Xη is a general
projective K3 surface of Picard rank 1, and D extends to a divisor D on X such
that D0 = D. We choose a section P ⊂ X of X /B after a finite base change
such that p = P0 is a general point on X. Since the Picard rank of Xη is one,
there is a nodal rational curve in |Dη| from Theorem 3.2. Hence there exists a
one-parameter family of genus 1 curves in |Dη | since every node of the rational
curve can be deformed independently. Therefore, after a base change, there exists
a flat proper family C ⊂ X of curves over B such that Cη ∈ |Dη | is a genus 1
curve passing through Pη. Let Γ be the irreducible component of C = C0 passing
through p = P0. Since p is a general point on X and X is not supersingular, Γ
is a genus 1 curve. And since Γ moves in a one-parameter family, Γ is nef. Since
Γ ⊂ C ∈ |D|, Γ is nef andD is minimally nef, we must have Γ = C . That is, C is
a genus 1 curve in |D| and D 6∈ Λ. In conclusion, the proposition holds if there is
a minimal nef divisor D 6∈ Λ on X.
Otherwise, suppose that Λ contains all minimal nef divisors on X. Then since
Λ 6= Pic(X), there exists an effective divisorD onX such thatD 6∈ Λ. By Lemma
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3.5, we can writeD = L+E, where L is a sum of minimal nef divisors and E is a
sum of (−2)-curves. Since D 6∈ Λ and L ∈ Λ, E 6∈ Λ. Therefore, there is at least
one (−2)-curve R on X such that R 6∈ Λ.
Fixing a basis of PicQ(X) consisting of r = ρ(X) ample divisors A = A1, A2,
. . . , Ar, we define a total order “≺” on the divisors ofX as follows: We say F ≺ G
or G ≻ F if
• either FAi = GAi for all i = 1, 2, . . . , r, or
• FA1 = GA1, FA2 = GA2, . . . , FAi−1 = GAi−1 and FAi < GAi for
some 1 ≤ i ≤ r.
It is easy to check the following:
• F ≺ G and F ≻ G if and only if F ≡ G.
• If F ≺ G and G ≺ H , then F ≺ H .
• If F1 ≺ F2 and G1 ≺ G2, then F1 +G1 ≺ F2 +G2.
• If F ≥ G, i.e., F −G is (pseudo)-effective, then F ≻ G.
Let us choose a nef divisor D 6≡ 0 on X and a (−2)-curve R ⊂ X with R 6∈ Λ
such that bothD andR are minimal under “≺”. That is,D ≺ D′ for all nef divisors
D′ 6≡ 0 on X and R ≺ R′ for all (−2)-curves R′ ⊂ X with R′ 6∈ Λ. Clearly, D is
minimally nef and hence D ∈ Λ. Since we have assumed that Λ does not contain
isotropic classes, D is big and nef. We claim that
D +R ≡ Γ + E for Γ 6≡ 0 nef and E 6= 0 effective(3.3.3)
⇒ D ≡ Γ and R = E.
Let Γ = Γ1 + Γ2 and E = E1 + E2 be minimal nef decompositions of Γ and E,
respectively, where Γ1 and E1 are sums of minimal nef divisors and Γ2 and E2 are
sums of (−2)-curves. Since Γ1+E1 ∈ Λ andD+R 6∈ Λ, Γ2+E2 6∈ Λ and hence
Γ2 + E2 contains a (−2)-curve R′ 6∈ Λ. Therefore,
D ≺ Γ1 + E1 and R ≺ Γ2 + E2
by our choice of D and R. And since D +R ≡ Γ + E, we necessarily have
D ≡ Γ1 +E1 and R ≡ Γ2 + E2.
Since D ≺ Γ1, we clearly have E1 ≡ 0. Hence E2 ≡ E. And since R is a (−2)-
curve, R ≡ Γ2 + E2 ≡ Γ2 + E and Γ2 and E 6= 0 are effective, we must have
Γ2 = 0 and R = E. In conclusion, D ≡ Γ1 = Γ and R = E. This proves our
claim (3.3.3). Next, we claim that
(3.3.4) D 6≡ nF and D −R 6≡ nG for all F,G ∈ Z1(X), n ∈ Z and n ≥ 2.
It is clear that D 6≡ nF for all divisors F . Otherwise, if D ≡ nF for some divisor
F and n ≥ 2, then F is nef and FA < DA, contradicting D ≺ F .
Suppose that D −R ≡ nG for some divisor G, n ∈ Z and n ≥ 2. Then
(n− 1)D +R ≡ n(D −G) = nP.
Since AP > 0 and P 2 ≥ 0, P is effective. Let P = P1 + P2 be a minimal nef
decomposition of P , where P1 is a sum of minimal nef divisors and P2 is a sum
of (−2)-curves with negative definite intersection matrix. Since P 2 ≥ 0, P1 6≡ 0.
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Since P1 ∈ Λ and P 6∈ Λ, P2 6∈ Λ and hence P2 contains a (−2)-curve R′ 6∈ Λ.
Therefore, D ≺ P1 and R ≺ P2. Then
(nP )A = nP1A+ nP2A ≥ nDA+ nRA > ((n− 1)D +R)A
which is a contradiction, proving our claim (3.3.4). Next, let us prove that
(3.3.5) DR ≥ 8.
Let us consider the divisors A,D,R. By the Hodge Index Theorem, their inter-
section matrix has signature (1, 2) if they are linearly independent in PicQ(X) and
(1, 1, 1) otherwise. Either way, this translates to
(2AD + (AR)(DR))2 ≥ (2A2 + (AR)2)(2D2 + (DR)2).
Since D is big and nef, D2 ≥ 2. Since D ≺ A, AD ≤ A2. So we have
(2A2 + (AR)(DR))2 ≥ (2A2 + (AR)2)(4 + (DR)2)
⇔ ay2 − 2axy + (2x2 + 4a− 2a2) ≤ 0
for a = A2, x = AR and y = DR. It is easy to check that (3.3.2) implies that
y ≥ 8, i.e., (3.3.5). And since D2 ≥ 2, we have
(3.3.6) D +R big and nef, D2 > 0, (D +R)R > 0 and D2 + 2DR ≥ 18.
There exists a smooth proper family X → B = SpecS over a DVR S such that
X0 = X, Xη = X ×S K(S) is a general projective K3 surface with Picard rank
2 over the algebraic closure of the function field K(S) of S and D and R extends
to divisor D and R on X with D0 = D and R0 = R. Let L = D + R and L =
D + R. By (3.3.4) and (3.3.6), Lη satisfies A3 in Theorem 3.2. Consequently,
there is an integral nodal rational curve and hence a one-parameter family of genus
1 curves in |Lη | on Xη, after a base change. As before, we fix a general section
P ⊂ X of X /B and choose a genus 1 curve in |Lη | passing through Pη on Xη.
So we obtain a flat proper family C ⊂ X of curves over B such that Cη is a nodal
genus 1 curve in |Lη | on Xη and P ⊂ C . Clearly, C = C0 is a union of irreducible
components of geometric genus ≤ 1 with at most one genus 1 component. Let us
write
C = Γ + E ∈ |L| = |D +R|,
where Γ is the component of C passing through p = P0. Since p is a general point
on X, Γ must be a genus 1 curve and hence nef. By (3.3.3), either C = Γ is an
integral genus 1 curve in |L| or C = Γ+R, where Γ is an integral genus 1 curve in
|D|. If it is the former, we are done. Otherwise, suppose that C = Γ+R. Clearly,
the corresponding stable map onto C is rigid. We will show that this is impossible.
Here by “rigid”, we mean that there are only finitely many stable maps f : Ĉ → X
of genus 1 such that f∗Ĉ = C . More precisely, if we consider the moduli space of
all stable maps of genus 1 to X whose image passes through p, then this moduli
space has dimension 0 at the maps f : Ĉ → X with f∗Ĉ = C .
Let us extend the family X /B to a two-dimensional family, which we still
denote by X , over U = Spec T , where
• T is a normal local ring of dimension 2,
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• B has codimension one in U ,
• X is a flat proper family of K3 surfaces over U ,
• X ×T K(T ) is a projective K3 surface with Picard rank 1,
• L = D +R extends to a big and nef divisor H on X , whose restriction
to XB = X ×U B over B ⊂ U is L , and
• B is the locus of K3 surfaces, where the class R deforms.
Note that H is not necessarily ample on X and hence X is not necessarily pro-
jective over U .
We also extend P to a section of X /U . Meanwhile, from Corollary 2.10, the
family C spreads to a family of curves over U after a finite base change, which
we still denote by C , such that Cη ⊂ Xη is an integral genus 1 curve passing
through Pη . We use CB,η and XB,η to denote the generic points of CB and XB ,
respectively. Note that CB,η is integral.
Let us consider the moduli space of stable maps of genus 1 to X , whose images
intersect P (see [AK03]). This moduli space has an irreducible componentM, flat
over U , whose generic pointMη represents the normalisation ν : C νη → Cη of Cη.
And since the stable map over C = C0 is rigid by our analysis of C , we actually
have M ∼= U . Hence there exists a flat family f : Ĉ → X of stable maps of
genus 1 over U such that f∗Ĉ = C .
Let q be the node of Ĉ = Ĉ0. Obviously, q deforms in codimension one, by
which we mean that there existsW ⊂ U of codimension one such that 0 ∈W and
ĈW = Ĉ ×U W is singular along a section Q of ĈW/W with q = Q0. In other
words,W is the discriminant locus of the family Ĉ /U .
Let Ĉ = Σ1 ∪ Σ2, where Σ1 and Σ2 are the two components of Ĉ meeting at
q with f∗Σ1 = Γ and f∗Σ2 = R. Then ĈW has two irreducible components, both
flat over W and containing Σ1 and Σ2, respectively. So the class R deforms in
the family XW over W . Hence we must have W = B. But ĈB,η is smooth since
CB,η is an integral genus 1 curve which is a contradiction. Therefore, C must be
integral. 
3.4. Curves of geometric genus 0 and 1. We now extend some of the results of
the previous sections to prove existence of curves of geometric genus 0 and 1. In
particular, we will prove in Proposition 3.7 an extension of Theorem 3.1 to genus
1, and also extend the known existence results of rational curves on elliptic K3
surfaces to genus 1 in Theorem 3.8.
Theorem 3.8. ([BT05], [Tay18] +ε) Let X be a K3 surface over an algebraically
closed field k such that either X is non-isotrivially elliptic, or that the characteris-
tic of k is zero and X is elliptic, or that X has infinite automorphism group. Then
for an ample divisor H on X, there exists a sequence of integral rational (resp.
geometric genus 1) curves Ci such that limn→∞H.Ci →∞.
Proof. For rational curves, if X has infinite automorphisms or has a non-isotrivial
elliptic fibration, this was proved in [BT05] over C and [Tay18] over algebraically
closed fields of arbitrary characteristic. As pointed out in [BHT11, Remark 6], the
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isotrivial elliptic case in characteristic zero has also been dealt with in [Has03]. We
now prove the theorem for g = 1 following the argument in [Tay18].
Suppose that X is elliptic. Then there is an elliptic fibration πX : X → P1. Let
d be the positive integer so that coker (Pic(X)→ Pic(Xt)) ∼= Z/dZ for a general
point t ∈ P1. More precisely, d is the greatest common divisor of DFX for all
D ∈ Pic(X), where FX is a fiber of πX . By the argument in [Tay18, Sec. 3], we
can find a large prime l and an elliptic K3 surface πY : Y → P1 such that
coker (Pic(Y )→ Pic(Yt)) = Z/(2dl)Z
for t ∈ P1 general and so that there is a dominant rational map fl : Y 99K X
preserving the elliptic fibrations. Let us first find a genus 1 multisection C of πY
of degree 2dl and then show fl maps C birationally onto its image.
If there is a minimal nef divisor D on Y such that DFY = 2dl for a fiber FY of
πY , we are done. Otherwise, by Lemma 3.5, there must exist a (−2)-curve D on
Y such that DFY = 2dl. Clearly, D and FY generate a primitive sublattice Λ of
Pic(Y ) with det(Λ) even. AndD+FY is obviously big and nef. When we deform
Y to a general K3 surface with Picard lattice Λ, there is an integral genus 1 curve
in |D + FY |. Then by considering the deformation of these genus 1 curves over a
two-dimensional family of K3 surfaces as in the proof of Proposition 3.7, we can
show that there is an integral genus 1 curve in |D + FY | on Y .
So there is an elliptic curve C on Y with CYt = 2dl and C varies in a one-
parameter family, parameterized by a curve B. We claim that fl maps Cb bira-
tionally onto its image for b ∈ B general. Otherwise, for b ∈ B and t ∈ P1 general
and for all pairs of points p, q ∈ Cb∩Yt, p−q must be torsion in Pic(Yt). Then we
haveCbYt = 2dlrb+τ in Pic(Yt) for a point rb ∈ Cb∩Yt and some τ ∈ Pic(Yt)tors.
When b varies in B, CbYt is constant in Pic(Yt). Thus, rb is a fixed point on Yt.
That is, all Cb meet a general fiber Yt at a fixed point. This is only possible if Cb are
the same curve for all b ∈ B, which contradicts our assumption on Cb. Therefore,
fl maps C birationally onto its image if C is a general member of a one-parameter
family of elliptic curves on X. Consequently, fl(C) is a multisection of πX of
degree 2dl and genus 1. By increasing l, we obtain an infinite sequence of elliptic
curves on X of increasing degrees. This proves the theorem when X is elliptic.
Suppose that X is not elliptic and |Aut(X)| = ∞. If there are infinitely many
minimal nef divisors D on X, we are done. Otherwise, there are finitely many
minimal nef divisors D1,D2, . . . ,Dm on X. Let D = D1 + D2 + . . . + Dm.
Obviously, {Di} is non-empty, and since X is not elliptic, D is big and nef.
By Lemma 3.5, Pic(X) is generated by D1,D2, . . . ,Dm and finitely many
(−2)-curves on X. So there exist a constant N such that Pic(X) is generated
by D1,D2, . . . ,Dm and all (−2)-curves R on X satisfying DR ≤ N . Let us
assume that
Pic(X) =
{ m∑
i=1
aiDi +
n∑
j=1
bjRj : ai, bj ∈ Z
}
where R1, R2, . . . , Rn are the (−2)-curves onX satisfying DRj ≤ N .
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Obviously, every automorphism σ ofX permutes the divisors inD1,D2, . . . ,Dm.
Therefore, σ∗D = D and hence σ also permutes the divisors in R1, R2, . . . , Rn.
Thus we have a group homomorphism ρ : Aut(X)→ Σm×Σn. Since Aut(X) is
infinite, so is the kernel ker(ρ) of ρ. On the other hand, every σ ∈ ker(ρ) preserves
D1,D2, . . . ,Dm, R1, R2, . . . , Rn and hence Pic(X). So ker(ρ) lies in the kernel
of Aut(X)→ Aut(Pic(X)), which is finite. Contradiction. 
If a rational curve on a K3 surfaceX moves, then we already noted that it is unir-
uled and supersingular. In view of the unirationality of supersingular K3 surfaces
[Lie15], this begs the question whether supersingular K3 surfaces contain infin-
itely many rigid rational curves. Since smooth rational curves on K3 surfaces are
rigid (see also [IIL18]), one may even ask whether supersingular K3 surfaces con-
tain infinitely many smooth rational curves. This is known to experts (cf. [Nik14,
Theorem 6.1]), but we include a proof for completeness.
Proposition 3.9. If X be a supersingular K3 surface over an algebraically closed
field of positive characteristic, then X contains infinitely many smooth rational
curves.
Proof. Rudakov–Shafarevich [RSˇ05, p.156] have given a complete description of
the Ne´ron–Severi latticesNp,σ of supersingular K3 surfaces in terms of the charac-
teristic p and the Artin-invariant σ. Using the rank four sublattice Hp (see [Shi04,
§3] for a description), we see thatNp,10 contains a (−2)-class. SinceNp,10 ⊂ Np,σ
for every σ, this implies that Np,σ contains a (−2)-class for every p and σ. If
L2 = −2 for some line bundle L, then X must contain a smooth rational curve as
a component of a section of L or −L.
Now, the existence of one smooth rational curve implies there are infinitely
many as seen from the following. It is known that a supersingular K3 surface
has infinite automorphism group by [KS14]. Also, from [Kov13, Theorem 4.1] the
cone of curves is spanned by (−2)-classes. One concludes now by the following
classical argument [Huy16, Proposition 5.3.3]: if there were only finitely many
smooth rational curves, then there would be infinitely many automorphisms fixing
the Picard group, in particular a polarisation which is a contradiction. 
Corollary 3.10. Conjecture 1.1 is equivalent to the, a priori stronger, conjecture
that every K3 surface over an algebraically closed field contains infinitely many
rational curves that are rigid.
4. REGENERATING CURVES
In this section, we consider the following situation: let S be the spectrum of a
DVR with algebraically closed residue field k, and let
X S
be a family of K3 surfaces, i.e., a smooth and proper morphism of algebraic spaces,
whose geometric fibres are K3 surfaces. As usual, we denote 0, η ∈ S the closed
and generic point respectively, X0,Xη the fibres and Xη the geometric generic
fibre.
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Definition 4.1. Let C0 be an integral curve on the special fiber X0. A regener-
ation of C0 ⊂ X0 is a geometrically integral curve Dη ⊂ Xη that has the same
geometric genus as C0 and such that the specialisation to X0 contains C0.
Remark 4.2. Since C0 and Dη are assumed to be of the same geometric genus,
it follows that the specialisation of Dη on X0 is equal to the union of C0 and a
(possibly empty) union of rational curves.
A regeneration should be thought of as an inverse of a degeneration or a special-
isation. One of the main points of this definition is that we do not require the line
bundle OX0(C0) on X0 to extend to Xη.
4.1. The regeneration theorem. We now come to one of the main results tech-
niques of this article. A regeneration result for rational curves was already envi-
sioned in [BHT11], a weak version of it was already established in [LL11] and we
refer to [Huy16, §13] for an overview.
Theorem 4.3. Let X → S be a family of K3 surfaces over the spectrum of a DVR
with algebraically closed residue field k. Let C0 ⊂ X0 be an integral curve that
deforms in the expected dimension inX0. Then, after possibly replacing S by some
finite extension,
(1) there exists a regeneration Dη ⊂ Xη of C0.
(2) Moreover, if the line bundleOX0(C0) extends from X0 toXη, then we may
assume that C0 is the specialisation of Dη and that OXη(Dη) specialises
to OX0(C0).
Remark 4.4. Concerning the assumptions and conclusions, we refer to Proposition
2.7 for conditions that ensure that a curve deforms in the expected dimension. By
this result, C0 always deforms in the expected dimension if char(k) = 0, but
Example 5.6 shows that it may fail if char(k) > 0.
We start by proving the following, which is more or less well known to experts.
In particular, it implies that curves whose classes lift can be easily regenerated, as
the second assertion of the theorem claims.
Lemma 4.5. If C0 ⊂ X0 is an integral curve so that OX0(C0) is in the image of
the injective specialisation map
sp : Pic(Xη) Pic(X0),
then there exists a regeneration of C0 after passing to a finite extension of S
Proof. If the class of C0 in Pic(X0) extends to Pic(Xη) then, as Pic(X ) ∼=
Pic(Xη), there exists a relative line bundle L on the family f : X → SpecS such
that the restriction L0 of L to X0 is isomorphic to OX0(C0). Let C˜0 → C0 be
the normalisation of C0 and composing with the embedding C0 → X0, we obtain
a stable map h : C˜0 → X0 of genus g.
By Corollary 2.10, the moduli space of stable maps Mg(X ,L ) → Spec S
(resp.Mg(X0,L0)→ Speck) is of dimension g+1 (resp. g) for every component
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through [h]. This implies that we can extend h as a stable map of genus g from X0
to Xη. Since the image of h is irreducible, so is every lift to Xη. In particular,
there exists a geometrically integral curve Dη on Xη, whose specialisation to X0
is equal to C0. By construction, OXη(Dη) is isomorphic to the restriction of L to
the generic fiber Xη and thus, the class of Dη in Pic(Xη) specialises to the class
of C0 in Pic(X0). 
We start with the following reduction step.
Lemma 4.6. In order to prove Theorem 4.3, we may choose an ample line bundle
Hη on Xη whose specialisation H0 to X0 is big and nef.
Proof. Assume that the specialisation H0 of Hη to X0 is not big and nef. We
distinguish two cases.
IfH0.C0 < 0 then C0 is necessarily a smooth rational curve onX0, i.e., a (−2)-
curve. After replacing S by some finite extension, Theorem 3.1 gives an effective
divisor
∑
i niDi ∈ |Hη| so that everyDi is a geometrically integral rational curve.
Let D′i ⊂ X0 be the specialisation of Di. Since H0.C0 < 0 there exists some i,
say i = 1, so that D′1.C0 < 0, which means D
′
1 is the union of rational curves one
of whose components is C0. This implies D1 is a regeneration of C0 and we are
done.
Assume now that H0.C0 ≥ 0. Let Sh → S be the Henselisation of S and let
X h := X ×SSh → Sh be the base change. Then, from [Kol89] over the complex
numbers and [LM18, Proposition 4.5] for positive and mixed characteristic, there
exists a birational map of smooth and proper algebraic spaces over Sh
ϕ : X h X h+,
such that the restriction of Hη to the special fiber X
h+
0 is big and nef. More
precisely, ϕ is a finite sequence of flops in (−2)-curves, that is, there exists a union
of finitely many (−2)-curves Z ⊂ X h0 such that the restriction of ϕ to X h\Z is
an isomorphism onto its image. Moreover, the irreducible components of Z are
precisely the curves that intersect H0 negatively. As H0.C0 ≥ 0, the curve Ch0 is
not contained in Z , so by assumption, Theorem 4.3 is true for X h+ and thus, there
exists a regeneration Dh+η on X
h+
η , such that C
h+
0 := ϕ(C
h
0 \Z) is contained in
the specialisation to X h+0 . If we setD
h
η := ϕ
−1
η (D
h+
η ), then it is a regeneration of
Ch0 . Since it is the Henselisation (rather than a completion), the extension S
h → S
is algebraic. Therefore, the curveDhη is already defined after a finite field extension
L/κ(η). If S′ denotes the integral closure of S in L and X ′ := X ×S S′, then
the curve C0 ⊂ X0 admits a regeneration on X ′. This establishes Theorem 4.3 in
this case. 
Proof of Theorem 4.3. From Lemma 4.6 we may assume there is a line bundle H
on X which is ample and primitive on Xη, say of degree H 2η = 2d, and big and
nef on X0. If char(k) = 0, then we set A := k and if char(k) = p > 0, then we
set A := W (k), the ring of Witt vectors of k. Let ∆ = Spf(A[[x1, . . . , x20]])
be the formal deformation space of X0, which is smooth over A. Denote by
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Tˆ (Hη), Tˆ (C0) ⊂ ∆ the loci where the classes O(Hη),O(C0) deform respec-
tively. From [Del81, The´ore`me 1.6] these are formal Cartier divisors, flat over A,
which implies that since they meet non-trivially in the closed point (which corre-
sponds to X0), their intersection Tˆ := Tˆ (Hη) ∩ Tˆ (C0) must be of codimension
two in ∆, and from flatness their corresponding generic fibres also intersect in
codimension two over the characteristic zero generic point of ∆. Note though that
Xη is not contained in Tˆ as we have assumed that the class of C0 does not extend
over the whole of S.
The formal family over Tˆ is algebraisable from Grothendieck’s Existence Theo-
rem and a theorem of Deligne [Del81, Corollaire 1.8]: form large, the line bundle
mH0 − C0 on X0 will be big and nef as H0 is big and nef, and by definition it
extends to the whole of Tˆ , so after passing to a finite extension we obtain a family
Y → T of K3 surfaces (since we have used a big and nef invertible sheaf to al-
gebraise, the algebraisation may only exist in the category of algebraic spaces).
A generic member of this family is a characteristic zero projective K3 surface
(X,H,C), deformation equivalent to (X0,H0, C0), where H2 > 0, C is an in-
tegral curve in X and H.C = H0.C0 ≥ 0. From [Huy16, Corollary 1.1.5] H will
in fact be big and nef since the contrary would force the existence of a (−2)-curve
onX which would increase the Picard rank ofX by one and from Proposition 2.11
such surfaces lie in higher codimension.
From Theorem 3.2 there is an integral nodal rational curve R ∈ |nH − C| for
all n large enough (after possibly replacing S by a finite extension). Choose n so
that nH − C is also ample. Then the curve R + C ∈ |nH| is a connected curve
(the intersection of C and R may not be transverse though). We build now a stable
map h : D → X constructed by gluing the normalisations R̂, Ĉ of R and C at
one point, and whose image is C ∪ R of class nH . Observe now that as R is a
rational curve in a K3 surface in characteristic zero, deformations of h either come
from deformations of Ĉ → C , or will necessarily smooth the unique node ofD. In
either case the expected dimension will be g = g(Ĉ) from Proposition 2.7. Hence
from Corollary 2.10, h deforms to the locus of Picard rank one K3 surfaces where
OXη(Hη) deforms. As this locus contains Xη, we specialise h to a stable map
[hη : Dη → Xη] ∈ Mg(Xη, nHη). By construction, the specialisation of hη
to X0 contains C0 and so hη(Dη) ∈ |nHη| is a regeneration of C0 and we are
done. 
Remark 4.7. In the proof we did not have to assume that multiples of the classes
of C0 and H0 are independent in the Picard group. In fact, it can happen on
families of supersingular K3 surfaces over a DVR that the specialisation morphism
on Picard groups has non-trivial cokernel.
Remark 4.8. As a consequence of the proof, we can even bound the degree of a
regeneration Dη of C0. To this aim, let a = H
2
0 , c = C
2
0 and b = H0.C0 and
(X,H,C) a general deformation of (X0,H0, C0). Then nH − C will be ample
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as soon as (nH − C)2 > 0. From the Hodge Index Theorem, b2 − ac > 0 so for
n0 >
b+
√
b2 − ac
a
n0H − C will be ample. Then Theorem 3.2 will produce nodal rational curves in
|(n0 + 2)H − C|. The regeneration will then have class (n0 + 2)Hη .
5. APPLICATIONS OF THE REGENERATION TECHNIQUE
5.1. To the existence of rational curves. Although we will establish in Theorem
6.1 that there are infinitely many rational curves on every algebraic K3 surface over
an algebraically closed field, the proof is a somewhat technical reduction to various
cases as explained in the introduction. For posterity, we note that the following
application of the regeneration technique should hopefully lead to a cleaner proof
of Conjecture 1.1.
Proposition 5.1. Let X → S be a family of K3 surfaces over the spectrum of a
DVR with algebraically closed residue field. If X0 satisfies Conjecture 1.1, then so
does the geometric generic fibre Xη.
Proof. From the assumption, we may assume from Proposition 3.9 that there exist
infinitely many rigid rational curves Ri ⊂ X0. Since any linear system only con-
tains finitely many rigid rational curves, we may also assume the Ri are all distinct
classes in the Picard group. Each of them can be regenerated to Xη by Theorem
4.3, which gives the result. 
As mentioned, the above would give a quicker proof of Conjecture 1.1 assuming
the following question has a positive answer (cf. [CT14, Cha14, EJ11, CEJ16]).
Question 5.2. Let X be a K3 surface defined over Q. Does there exist a prime p
so that the reduction is smooth and satisfies ρ(Xp) ≥ 5 (or is even supersingular)?
Example 5.3. Let X be a K3 surface with complex multiplication. Then, X is
defined over Q and there exists a prime ideal p such that X has good and super-
singular reduction at p by [Ito17]. Thus, Proposition 3.9 and Proposition 5.1 show
that X contains infinitely many rational curves. We refer to [Cha14] for further
discussion.
In particular, we obtain further reduction steps, the first of which was already
shown in [BHT11, Theorem 3].
Corollary 5.4. There are the following reductions.
(1) In order to prove Conjecture 1.1 for K3 surfaces in characteristic zero, it
suffices to prove it for K3 surfaces that can be defined over number fields.
(2) In order to prove Conjecture 1.1 in general, it suffices for K3 surfaces that
can be defined over finite fields.
As another application of regeneration, we obtain a cleaner proof of the main
result of [LL11] - now, we do not have to avoid places of supersingular reduction
or have to make assumptions on the height of the formal Brauer group.
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Theorem 5.5. Let X be a K3 surface of odd Picard rank over an algebraically
closed field. Then, X contains infinitely many rational curves.
Proof. By the Tate Conjecture, such an X cannot be defined over a finite field as
such a K3 has even Picard rank. By successive specialisations, we may assume that
X is defined over a global field K . Let OK be the ring of integers in K . Hence
for any place p of good reduction, the geometric Picard rank of Xp jumps. From
Theorem 3.1 we obtain a rational curve whose class is not a specialisation of a
class from X. Theorem 4.3 now gives a regeneration of this curve and we obtain
infinitely many rational curves inX which must be distinct from a standard Hilbert
scheme argument. 
5.2. Generalisations. In this section, we show that the assumptions of Theorem
4.3 cannot be relaxed in various situations. For example, the regeneration theorem
does not always hold if the special fibre is a unirational K3 surface and the curve
we want to regenerate is a rational curve that moves, or that it does not hold for
families of non-algebraic K3 surfaces and it does not hold for Abelian surfaces as
the following two examples show.
We refer to Section 3 for a discussion on supersingular K3 surfaces.
Example 5.6 (Characteristic p). Let X → S be a family of K3 surfaces over the
spectrum of a DVR with algebraically closed residue field k, such that
(1) X0 is unirational,
(2) the geometric generic fibre Xη is not unirational, and
(3) k is uncountable.
Since X0 is unirational, it contains moving families of rational curves. In partic-
ular, since k is uncountable, X0 contains uncountably many rational curves. On
the other hand, since the geometric generic fibre Xη is not unirational, every linear
system contains only a finite number of rational curves by a usual Hilbert scheme
argument. Hence Xη contains only countably many rational curves. In particular,
there do exist rational curves on X0 that are neither specialisations nor components
of specialisations of rational curves on Xη.
Such families do exist: explicit examples of a unirational K3 surface X in char-
acteristic p ≥ 3 can be found in [Shi74, Shi77]. After possibly replacing k by
an uncountable and algebraically closed extension, we choose a smooth projective
family X → S of K3 surfaces, where S is a finite extension ofW (k), with special
fibre isomorphic to X, which exists by [Del81]. Clearly, the geometric generic
fibre is not unirational as it is a K3 surface in characteristic zero.
Example 5.7 (Non-algebraic K3 surfaces). Let ∆ := {z ∈ C : |z| < 1} be
the open disk and let f : X → ∆ be a complex analytic family of K3 surfaces.
Assume that
(1) X0 := f
−1(0) is algebraic and satisfies Conjecture 1.1, and
(2) the algebraic dimension (transcendence degree of the field of meromorphic
functions) of the general member of this family is zero.
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Then, X0 contains infinitely many smooth curves, whereas the general member
of f contains only finitely many curves, see, for example, [BHPV04, Theorem
IV.8.2]. In particular, regeneration fails for all but finitely many curves on X0.
Such families do exist: we will see in Theorem 6.1 that every algebraic K3
surface satisfies Conjecture 1.1, but for the time being, we may take one of the
surfaces from Theorem 3.8 or Theorem 5.5. Moreover, we note that a very general
deformation of any algebraic K3 surface inside its Kuranishi space satisfies the
second assumption.
Example 5.8. (Abelian surfaces) LetX → S be a family of Abelian surfaces over
the spectrum of a DVR with algebraically closed residue field k, such that
(1) X0 is the product of two elliptic curves E1 × E2 and
(2) the geometric generic fibre Xη is an Abelian surface that is not isogenous
to the product of two elliptic curves.
Let h : E1 → X0 be the immersion corresponding toE1×{O} ⊂ X0 andO ∈ E2.
Then, there exists no regeneration of E1 to Xη: a regeneration would be a curve
D ⊂ Xη, whose normalisation D̂ → D is a smooth curve of genus one. But then,
we obtain a morphism of Abelian varieties from the elliptic curve D̂ to Xη, which
implies that Xη is isogenous to the product of two elliptic curves, contrary to our
assumptions.
Such families do exist: a very general deformation of the product of two elliptic
curves inside the moduli space A2 of principally polarised Abelian surfaces has
this property as a very general surface in A2 is the Jacobian of some genus two
curve and the Jacobian of a genus two curve C is isogenous to the product of two
elliptic curves if and only ifC admits a degree twomorphism onto an elliptic curve.
However, such genus two curves are not very general.
Note that the analogue of the first author’s result [Che99] concerning existence
of nodal curves of admissible genus g ≥ 2 has recently been solved in the case of
abelian surfaces in [KLCM19, KLC19], and it would be interesting to know if a
regeneration-type theorem exists using higher genus curves instead of rational ones
in this case.
5.3. Enriques surfaces. Next, we show that for families of Enriques surfaces,
Theorem 4.3 partly holds true in genus zero, i.e., for rational curves.
First, we want to show that part (2) of Theorem 4.3 does not hold for families
of Enriques surfaces. To state it, let us recall that an Enriques surface X over an
algebraically closed field is said to be nodal (resp. unnodal) if X contains at least
one smooth rational curve (resp. does not contain smooth rational curves), see also
[CDL, DK].
Example 5.9. (Enriques surfaces) Let X → S be a family of Enriques surfaces,
where S is the spectrum of a DVR with algebraically closed residue field k of
characteristic 6= 2, such that
(1) X0 is nodal and
(2) the geometric generic fibre Xη is unnodal.
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If R0 is a smooth rational curve on X0, then the class of R0 in Pic(X0) lifts to Xη
since h2(X0,OX0) = 0 and by deformation theory of line bundles. However, R0
cannot be deformed to Xη since it is unnodal.
Such families do exist: if char(k) 6= 2, then Enriques surfaces form a 10-
dimensional moduli spaces over k and the locus of nodal Enriques surfaces is of
codimension one, see [CDL, DK]. Thus, if Y is a nodal Enriques surface over k,
then a general deformation of Y over S yields a family X → S as above.
Second, part (1) of Theorem 4.3 does hold true for families of Enriques surfaces
and for rational curves. Thus, despite the different ways rational curves behave
and deform on K3 surfaces and Enriques surfaces, we have the following analog of
Theorem 4.3.
Theorem 5.10. Let X → S be a family of Enriques surfaces, where S is the
spectrum of a DVR with algebraically closed residue field k of characteristic 6= 2,
and let C0 ⊂ X0 be an integral curve of geometric genus g ≤ 1. After possibly
replacing S by a finite extension, there exists a geometrically integral curve Dη ⊂
Xη of geometric genus g, such that C0 is a component of the specialisation ofDη .
Proof. Let
X˜ := Spec (OX ⊕ ωX ) X Sπ
be a canonical double cover of the family X → S. By our assumptions on the
characteristic of k, it follows that X˜ → S is a family of K3 surfaces.
Let C˜0 be a component of π
−1
0 (C0). Since π0 is e´tale and g ≤ 1, it is not
difficult to see that C˜0 is a curve of the same geometric genus as C0 or the disjoint
union of two such curves. After possibly replacing S by a finite cover, Theorem
4.3 provides us with a geometrically integral curve D˜η ⊂ X˜η of genus g such that
one component of C˜0 is a component of the specialisation of D˜η. Then, Dη :=
πη(D˜η) ⊂ X η is a geometrically integral curve of genus ≤ g such that C0 is a
component of its specialisation. Since C0 has geometric genus g, the geometric
genus of Dη is at least g and thus, equal to g. 
6. THE MARKED POINT TRICK AND DEGENERATING CURVES
In this section, we are going to prove the following.
Theorem 6.1. Let X be a projective K3 surface over an algebraically closed field
k of characteristic zero, let g ≥ 0 be an integer and let H be an ample divisor on
X. Then there exists an infinite sequence of integral curves Cn of geometric genus
g on X such that
lim
n→∞
degH Cn = limn→∞
HCn =∞.
This, of course, implies the existence of infinitely many rational curves on every
projective K3 surface in characteristic zero and settles the remaining cases from
[LL11], see Section 3. We begin with an outline of our proof.
(1) We reduce the theorem to g ≤ 1.
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(2) We prove the theorem for g ≤ 1 and Picard rank ρ(X) odd. When g = 0,
this was proved in [LL11] (or Theorem 5.5 using regeneration). Here we
carry over their argument to g = 1. This is done in Proposition 6.8 by
applying Proposition 3.7.
(3) We note that Theorem 3.8 has already dealt with elliptic K3 surfaces and
K3 surfaces with infinite automorphism groups.
(4) We deal with the remaining cases that ρ(X) = 2, 4 andX is neither elliptic
nor has finitely many automorphisms. This step is quite involved and has
two main ingredients:
(a) a method (the marked point trick) to show that the degeneration of
certain integral curves on generic K3 surfaces to a special K3 surface
remains integral,
(b) the existence of rational curves on generic K3 surfaces of rank 2 given
by Theorem 3.2 and the existence of rational curves on generic K3
surfaces with certain rank 4 Picard lattices given by Theorem 3.3.
Remark 6.2. We note that we do not prove in general that there is a sequence of
curves Cn of geometric genus g so that C
2
n tends to infinity (which would imply
limnH.Cn = ∞ by the Hodge Index Theorem), so it could be that the arithmetic
genus is actually bounded. Nevertheless, in some cases, e.g. ρ ≤ 2 and g = 0, the
proof does give this, and it would be interesting to establish whether this is true in
general.
6.1. Curves of high genus. We start with the easiest step that reduces the theorem
to g ≤ 1. For a smooth and proper variety Y over an algebraically closed field and a
divisorD on Y , we denote by VD,g the Severi variety parametrising integral curves
in the linear system |D| of geometric genus g, which is a locally closed subset of
the projective space |D| = P(H0(Y,OY (D))). We denote by V D,g the closure
of VD,g inside |D|. The following is an application of well-known results on the
deformation theory of curves on K3 surfaces.
Lemma 6.3. Let X be a K3 surfaces over an algebraically closed field of charac-
teristic zero. Let C,E ⊂ X be integral curves where E has geometric genus 1.
Then E deforms in a 1-dimensional family in X and if v : Êt → X is the compo-
sition with the normalisation of a general member of this family, then v∗C consists
of CE distinct points.
Proof. From Proposition 2.7,E moves in a one-parameter family of genus 1 curves.
Then by the Arbarello–Cornalba Lemma used for example in Proposition 2.7 (in
particular [DS17, Theorem 2.5(i)]), we see that composition with the normalisa-
tion ν : Êt → X of Et is an immersion into X in the sense that it is an unramified
morphism.
We claim now that ν∗C consists of m = CE distinct points. Note first that
since ν is unramified, the normal sheaf Nν of ν is locally free (see Section 2.2),
and hence is OÊt . If p ∈ X is a base point of the family Et then the proper
transform E′t of Et on X
′ the blow-up of X at p has normalisation ν ′ : Ê′t → X ′
which is also unramified, hence the normal sheaf Nν′ is also locally free but has
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degree−1 and hence no sections, contradicting the fact that E′t also moves in a one
dimensional family. Hence the family has no base points and so Et only meets C
at smooth points of C . Assume now that the divisor ν∗C vanishes at a point p with
multiplicity n ≥ 2. As Et is general, this means that the space of deformations
of Et with tangency conditions at this point is at least one dimensional, but such
deformations are controlled by Nν(−(n − 1)p) (see [Har86, Proposition 2.1.3]),
which has negative degree. This proves the claim. 
Remark 6.4. The characteristic zero assumption in this lemma is crucial, as the
following example (albeit for geometric genus 0 curves) shows: letE be a fibre of a
quasi-elliptic fibration, that is, |E| is a 1-dimensional linear system, whose generic
member has a cusp singularity. If C is the “curve of cusps”, that is, the closure of
the non-smooth points of the general members of |E|, then every deformation of
E fails the above statement.
To highlight what exactly goes wrong in positive characteristic, we give another
proof of the above lemma.
Second proof of Lemma 6.3. From Theorem 2.9, E deforms in a family of genus
1 curves that cover X. So there exist dominant morphisms π : Y → B and
f : Y → X, where Y is a smooth projective surface, B is a smooth projective
curve, f is separable and f : Yb → X is the normalization of E for some b ∈ B.
We may choose E to be a general member of this family. That is, b is a general
point of B. We claim that f∗C and Yb meet transversely. Since f is a separable
generically finite map, we have KY = f
∗KX +R = R for some effective divisor
R on Y and adjunction gives RYb = KY Yb = 0. Note that if there exists a multi-
sectionM of π such that f∗M = 0, thenM ⊂ supp(R), which contradicts the fact
RYb = 0. Suppose that Yb and f
∗C meet at a point p with multiplicity ≥ 2. Then
f∗C contains a multi-section P of π with multiplicity ≥ 2. And since f is finite
at a general point of P , f must be ramified along P . Therefore, P ⊂ supp(R),
which again contradicts RYb = 0. 
Lemma 6.5. Let X be a K3 surface over an algebraically closed field of charac-
teristic 0 and let D be a divisor on X.
(1) Let C and E be integral curves on X of geometric genus 0 and 1, respec-
tively, so that C + E ∈ |D|. If g is an integer so that 2 ≤ g ≤ CE, then
C ∪ E ∈ V D,g.
(2) If C ∈ |D| is an integral rational curve which has (at least) two branches
at a singularity q ∈ C , then C ∈ V D,1.
Proof. From Lemma 6.3 we can consider now the stable map f : Ĉ ∪ Ê → X of
genus g such that f∗(Ĉ ∪ Ê) = C ∪ E, Ĉ and Ê are the normalisations of C and
E, respectively, and Ĉ and Ê meet transversely at g points. Then f deforms in a
family of dimension at least g from Theorem 2.9. Hence C ∪ E can be deformed
to an integral curve of genus g, since otherwise C or E would deform too much.
That is, C ∪ E ∈ V D,g.
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For the second statement, let ν : Ĉ → X be the normalisation of C . Since C
has at least two branches at q, ν factors through a curve C as in the diagram
Ĉ C X
ν
f
where C is an integral curve birational to C with one node p satisfying f(p) = q
as the only singularity. So f : C → X is a stable map of arithmetic genus 1 and it
deforms in dimension at least 1. Consequently, C = f(C) deforms to an integral
curve of geometric genus 1. Namely, C ∈ V D,1. 
Corollary 6.6. To prove Theorem 6.1 in characteristic zero, it suffices to prove it
for g = 0, 1.
Proof. Suppose that the theorem holds for g = 0, 1. Let E1 and E2 be two elliptic
curves on X such that degH E1 6= degH E2 with respect to an ample divisor H .
We claim that E1 + E2 is big and nef.
Since bothEi are nef, E1+E2 is big and nef as long as (E1+E2)
2 > 0. If one of
Ei is big, we are done. Otherwise, E
2
1 = E
2
2 = 0. And since degH E1 6= degH E2,
E1 and E2 are linearly independent in PicQ(X). Therefore, E1E2 > 0 and hence
E1 + E2 is big and nef.
Fixing g ≥ 2, there are only finitely many rational curves C ⊂ X meeting an
ample divisor A such that AC < 2g. In particular, since E1 + E2 is big and nef
and can be written as a sum of an ample divisor and an effective one, we get that
there are finitely many rational curves C such that (E1 + E2)C < 2g. Therefore,
there exist infinitely many rational curves Cn on X such that CnE ≥ g for some
E ∈ {E1, E2}. By the above lemma, Cn ∪ E deforms to an integral curve of
geometric genus g for all n. 
Remark 6.7. Lemma 6.5 and Corollary 6.6 hold more generally over arbitrary al-
gebraically closed field, assuming C,E satisfy the statement of Lemma 6.3 and
moreover both deform in the expected dimensions 0, 1 respectively (the final as-
sumption can be replaced by assuming that X is not supersingular). Hence, to
reduce Theorem 6.1 to the case of g = 0, 1 in positive characteristic, one need only
prove that there are infinitely many pairs (Cn, En) satisfying these conditions.
6.2. Odd Picard rank via characteristic p reduction. Next, let us prove Theo-
rem 6.1 for g = 1 and ρ(X) odd. As commented before, we just have to carry out
the same characteristic p reduction argument in [LL11] for g = 1. It comes down
to proving the statement of [LL11, Proposition 4.2] for genus 1 curves.
Proposition 6.8. Let (X,H) be a polarised K3 surface over a number field K ,
such that Pic(X) = Pic(XQ) has odd rank andXQ is not elliptic. Then, there is a
finite extension L/K such that for every N ≥ 0 there exists a set SN of places of
L of density 1 such that for all q ∈ SN ,
(1) the reduction (XL)q is a smooth and non-supersingular K3 surface,
(2) the reduction Hq is ample,
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(3) there exists an integral geometric genus 1 curve Dq on ((XL)q)Fp so that
(a) the class ofDq does not lie in Pic(X)⊗ZQ, where we view Pic(X) ⊂
Pic(((XL)q)Fp) via the specialisation homomorphism, and
(b) Dq.Hq ≥ N .
Proof. The first two statements are standard results (cf. [BZ09, NO85]). By [NO85],
we also know that every K3 surface over Fp has even Picard rank. Let Λ be the
smallest primitive sublattice of Pic(((XL)q)Fp) containing Pic(X). Since ρ(X) is
odd and ρ(((XL)q)Fp) is even,
Λ ( Pic(((XL)q)Fp).
Also Λ does not contain isotropic classes since XQ is not elliptic. For every N ,
there are at most finitely many places q such that there is a (−2)-curve Rq ⊂
((XL)q)Fp satisfying Hq.Rq < N and Rq 6∈ Λ. Otherwise, we could lift Rq to
R ⊂ XL so that then R ∈ Pic(XL) = Pic(X) and hence Rq ∈ Λ for all but
finitely many q, which is a contradiction.
Thus, outside of finitely many places q, Hq and Rq satisfy (3.3.2) with A = Hq
andR = Rq for all (−2)-curves Rq ⊂ ((XL)q)Fp andRq 6∈ Λ. By Proposition 3.7,
there exists an integral genus 1 curve Dq on ((XL)q)Fp whose divisor class does
not lie in Λ. If we fix an L-rational point P on X, we can choose Dq such that Dq
passes through Pq. Again by the lifting argument [LL11], we see that Hq.Dq < N
only for finitely many places q. 
Corollary 6.9. Let X be a K3 surface over an algebraically closed field of char-
acteristic 0 such that X has odd Picard rank ρ(X). Then, Theorem 6.1 holds true
for X.
Proof. First, one reduces to the case that the ground field if Q by the standard
spreading out argument with Noether-Lefschetz loci as in [BHT11] and [Huy16,
Theorem 13.3.1]. By Corollary 6.6, it suffices to treat the case of geometric genus
g ≤ 1. Next, we may assume that X is not elliptic since these have already been
treated in Theorem 3.8.
The case g = 0 is the main result of [LL11] (see also Proposition 5.5 and its
proof). The case g = 1 follows from Proposition 6.8 combined with regeneration
(Theorem 4.3) and the fact that genus 1 curves always deform in dimension one on
a non-supersingular K3 surface (Proposition 2.7). 
Remark 6.10. We leave it to the reader to show (along the lines of [Huy16, Theo-
rem 13.3.1]) that the previous corollary and Theorem 6.1 also hold for K3 surfaces
over algebraically closed fields of characteristic 0 that cannot be defined over Q.
6.3. Marked point trick. It remains to prove Theorem 6.1 in the remaining cases,
namely even Picard rank and g = 0, 1.
One of the main ingredients to do this will be the following, saying that in some
situations, we can make sure that a degeneration of a rational (resp. geometric
genus 1) curve on a general K3 surface (e.g. those from Theorem 3.2) to a spe-
cial K3 surface of the same Picard lattice remains integral. Actually, we have
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already used a similar argument in the proof of Proposition 3.7 by exploiting the
discriminant locus of a family of stable maps. A more sophisticated version of this
argument is given by Propositions 6.14 and 6.15, which use a method that we call
the marked point trick.
Theorem 6.11. LetX be a non-supersingular projective K3 surface over an alge-
braically closed field with Pic(X) = Λ for a lattice Λ of rank r ≥ 2 and let L ∈ Λ
be an indivisible ample divisor onX. LetMΛ be a component of the moduli space
of Λ-polarised K3 surfaces containing the point representing X. Suppose that for
a general Y ∈ MΛ, there is an integral rational (resp. geometric genus 1) curve
in |L| on Y . Then the same holds for X, i.e., there is an integral rational (resp.
geometric genus 1) curve in |L| onX.
Remark 6.12. Since integrality is an open condition, the above actually implies
that if there is an integral rational (resp. geometric genus 1) curve in |L| for an
indivisible ample divisor L on a K3 surface of Picard lattice Λ, the same holds for
every K3 surface with Picard lattice Λ.
Note now that projective K3 surfaces with Picard rank ≥ 5 are elliptic, so from
Theorem 3.8 the only remaining cases of Theorem 6.1 are K3 surfaces with Picard
rank 2 and 4. From [Nik87, p661], there are only the two rank four lattices Λ,
namely those of Theorem 3.3, such that a K3 surface X with Pic(X) = Λ is
not elliptic and has a finite automorphism group. In particular, Theorem 6.11 and
Theorems 3.2, 3.3 combined imply the remaining cases. In fact we get something
stronger in Picard rank 2 and for the two special rank four lattices above.
Corollary 6.13. Let X be a projective K3 surface over an algebraically closed
field of characteristic 0. Assume that X has Picard rank ρ(X) ≥ 2 and let H be
an ample divisor on X. Then there exists an infinite sequence of integral rational
(resp. geometric genus 1) curves Cn ⊂ X such that
lim
n→∞
degH Cn = limn→∞
HCn =∞
When ρ(X) = 2, we have a more precise statement: For Λ = Pic(X) and every
indivisible ample divisor L on X satisfying one of A1-A3 in Theorem 3.2, there is
an integral rational (resp. geometric genus 1) curve in |L|.
The final part of the above statement can be thought of as a step, in the rank two
case, in the direction of [Huy16, Conjecture 13.0.2] stating that for any K3, there
are infinitely many rational curves in multiples of some fixed polarisation.
We now come to the proof of the marked point trick (Theorem 6.11). The tech-
nical heart of it is the following genus 0 marked point trick.
Proposition 6.14. Let
(6.3.1)
C V E
X U {o}
f ϕ
π
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be a commutative diagram of quasi-projective varieties over an algebraically closed
field, where
• all morphisms are projective,
• ϕ : V → U is a dominant map between two smooth quasi-projective
surfaces V and U ,
• o ∈ U is a point of U , E is a connected component of ϕ−1(o), and
• f : C /V → X is a flat family of stable maps of genus 0 to X over V
whose general fibers Cb are smooth for b ∈ V .
Suppose that there is a closed subscheme Y of CE = C ×V E satisfying that Y is
flat over E of pure dimension dimE + 1,
(6.3.2) f(Ys) = f(Y ) for all s ∈ E
and there are a point e ∈ E and two distinct irreducible components G1 and G2
of Ye with f∗Gi 6= 0 for i = 1, 2. Then there exists an integral curve F ⊂ V such
that ϕ∗F 6= 0, E ∩ F 6= ∅ and Cp is singular for all p ∈ F .
Proof. Let us complete U, V,C and X to projective varieties such that U and V
remain smooth and f : C /V → X is still a flat family of stable maps to X by the
projectivity of the moduli space of stable maps. Let us choose a general member
D of the complete linear series of a sufficiently ample divisor on X such that
• dimD ∩ f(Cs) = 0 for all s ∈ V ,
• f∗D and Ce meet transversely,
• f(Gi).D ≥ 4 for i = 1, 2, and
• f∗D and Cb meet transversely for every point b ∈ E that lies on two
distinct irreducible components of E.
Note that E is either a point or a connected curve. Hence there are at most finitely
many points b lying on two distinct components of E and we can always choose D
general enough so that f∗D and Cb meet transversely for all such b.
Since D meets f(Cs) properly for all s ∈ V , every irreducible component of
f∗D dominates V . After a generically finite base change of V , we may assume
f∗D = P1 + P2 + . . . + PN ,
where P1, P2, . . . , PN are N = (f∗Cs).D distinct rational sections of C /V . Since
f∗D and Ce meet transversely, Pi∩Ce areN distinct points on Ce. And since f∗D
and Cb meet transversely for every point b ∈ E that lies on two distinct irreducible
components of E, we have
Pi ∩ Ys 6= ∅ for all s ∈ E ⇔ Pi ∩ Ye 6= ∅.
By our choice of D, we can find four Pi’s, say P1, P2, P3, P4, such that
P1 ∩G1 6= ∅, P2 ∩G1 6= ∅, P3 ∩G2 6= ∅, P4 ∩G2 6= ∅ and
f(Pi ∩ Ce) 6= f(Pj ∩ Ce) for all 1 ≤ i < j ≤ 4.
As pointed out above, we have Pi ∩ Ys 6= ∅ for all 1 ≤ i ≤ 4 and s ∈ E. Since D
meets f(Cs) properly, f(Pi ∩ Cs) is a point for every s ∈ V . Hence
f(Pi ∩ Cs) = f(Pi ∩ Ys)
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for all 1 ≤ i ≤ 4 and s ∈ E. On the other hand, by (6.3.2), f(Ys) = f(Y ) is a
fixed curve for all s ∈ E. Therefore, D ∩ f(Y ) is a set of finitely many points and
hence
f(Pi ∩ Cs) = f(Pi ∩ Ys) ⊂ D ∩ f(Y )
must be constant as s moves in E for 1 ≤ i ≤ 4 since E is connected. Thus,
f(Pi ∩ Cs) = qi = f(Pi ∩ Ce)
for all 1 ≤ i ≤ 4 and s ∈ E, where qi are four distinct points. After a generically
finite base change of V , we can find a birational morphism α : Ĉ → C with the
diagram
(6.3.3)
Ĉ C V E
X U {0}
α
f̂
f ϕ
π
where f̂ : (Ĉ , P̂1, P̂2, P̂3, P̂4) → X is a family of stable maps of genus 0 with 4
marked points over V with P̂i being the proper transforms of Pi under α.
We use the notations Mg,n, Mg,n and ∂Mg,n to denote the moduli space of
n-pointed stable curves of genus g, its open part parametrising smooth curves
of genus g with n distinct marked points and the boundary divisor Mg,n\Mg,n,
respectively. There is a natural morphism (namely the stabilisation morphism)
σ : V →M0,4 sending
σ(s) = (Ĉs, Ĉs ∩ P̂1, Ĉs ∩ P̂2, Ĉs ∩ P̂3, Ĉs ∩ P̂4),
where it is understood that some components of Ĉs are contracted.
Let us consider the pullback σ∗(∂M0,4). Since ∂M0,4 consists of three points
inM0,4 ∼= P1, it is an ample divisor. Therefore, σ∗(∂M0,4) is nef on V . Also we
have e ∈ σ−1(∂M0,4) by our choice of Pi. In summary, we have
σ∗(∂M0,4) is nef and E ∩ σ−1(∂M0,4) 6= ∅.
We claim that there is an irreducible component F of σ−1(∂M0,4) such that
(6.3.4) E ∩ F 6= ∅ and F 6⊂ E.
Otherwise, for every irreducible component F of σ−1(∂M0,4), either F ∩ E = ∅
or F ⊂ E. And since E ∩ σ−1(∂M0,4) 6= ∅, there is a connected component Σ
of σ−1(∂M0,4) such that Σ ⊂ E. Since ϕ∗E = 0, E is supported on a union of
integral curves with negative definite self-intersection matrix; the same holds for
Σ. This contradicts the fact that σ∗(∂M0,4) is nef.
Therefore, there is an integral curve F ⊂ σ−1(∂M0,4) satisfying (6.3.4). Clearly,
ϕ∗F 6= 0. Otherwise, ϕ(F ) = o since E ∩ F 6= ∅; then this implies that F ⊂ E
since E is a connected component of ϕ−1(o), which is a contradiction. Therefore,
ϕ∗F 6= 0.
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For a general point p ∈ F , if Ĉp contains (at least) two irreducible components
Γ1 6= Γ2 such that f̂∗Γi 6= 0 for i = 1, 2, then the same must hold for Cp; hence
Cp must be singular and we are done.
Assume for a contradiction that this is not the case. Then there is a unique
component Γ of Ĉp such that f̂∗Γ 6= 0. And since p ∈ σ−1(∂M0,4), there exists a
connected union J of components of Ĉp such that Γ and J meet at a single point
and J meets two out of the four sections P̂1, P̂2, P̂3, P̂4, say
J ∩ P̂a 6= ∅ and J ∩ P̂b 6= ∅
for some 1 ≤ a < b ≤ 4. Since Γ and J meet at a single point and Γ is the only
component of Ĉp not contractible under f̂ , we see that f̂ contracts J to a point.
Therefore,
f(Cp ∩ Pa) = f̂(Ĉp ∩ P̂a) = f̂(Ĉp ∩ P̂b) = f(Cp ∩ Pb) = f̂(J)
for a general point p ∈ F and hence also for all p ∈ F . But E ∩ F 6= ∅ and
f(Pi ∩Cs) = qi are four distinct points for all s ∈ E which is a contradiction. 
We have a similar statement for stable maps of genus 1.
Proposition 6.15. Consider a commutative diagram of quasi-projective varieties
over an algebraically closed field as (6.3.1), where
• all morphisms are projective,
• ϕ : V → U is a dominant map between two smooth quasi-projective
surfaces V and U ,
• o ∈ U is a point of U , E is a connected component of ϕ−1(o), and
• f : C /V → X is a flat family of stable maps of genus 1 to X over V
whose general fibers Cb are smooth for b ∈ V .
Suppose that there is a closed subscheme Y of CE = C ×V E such that Y is
flat over E of pure dimension dimE + 1 satisfying (6.3.2) and there are a point
e ∈ E and an irreducible component G of Ye which has geometric genus 0 and
satisfies f∗G 6= 0. Then there exists an integral curve F ⊂ V such that ϕ∗F 6= 0,
E ∩ F 6= ∅ and Cp is singular for all p ∈ F .
Proof. The proof is very similar to that of Proposition 6.14, which is why we only
sketch it. Again, let us first complete U, V,C and X to projective varieties. We
choose a general member D of the complete linear series of a sufficiently ample
divisor on X such that
• dimD ∩ f(Cs) = 0 for all s ∈ V ,
• f∗D and Ce meet transversely,
• f(G).D ≥ 2, and
• f∗D and Cb meet transversely for every point b ∈ E that lies on two
distinct irreducible components of E.
Again, after a generically finite base change of V , we may assume
f∗D = P1 + P2 + . . .+ PN
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where P1, P2, . . . , PN are N = (f∗Cs).D distinct rational sections of C /V . We
can find two Pi’s, say P1, P2, such that
P1 ∩G 6= ∅, P2 ∩G 6= ∅, and f(P1 ∩ Ce) 6= f(P2 ∩ Ce).
As before, we can prove f(Pi ∩ Cs) = qi = f(Pi ∩ Ce) for all 1 ≤ i ≤ 2 and
s ∈ E, where q1 and q2 are two distinct points.
After a generically finite base change of V , we can find a birational morphism
α : Ĉ → C with the diagram (6.3.3) such that f̂ : (Ĉ , P̂1, P̂2) → X is a family
of stable maps of genus 1 with 2 marked points over V with P̂i being the proper
transforms of Pi under α.
Again, we consider the natural morphism σ : V →M1,2 sending
σ(s) = (Ĉs, Ĉs ∩ P̂1, Ĉs ∩ P̂2).
We know that M1,2 is affine. So there is an ample effective divisor A of M1,2
supported on ∂M1,2. By considering the pullback σ∗(A), we can again show that
there is an irreducible component F of σ−1(∂M1,2) satisfying (6.3.4). The rest of
the proof is identical to that of Proposition 6.14. 
Equipped with the above two propositions, we now prove Theorem 6.11 first in
the case ρ(X) = 2 so as to elucidate the method.
Proof of Theorem 6.11 when ρ(X) = 2. We consider (X,L) as a point in the
moduli space of K3 surfaces polarised by an indivisible ample line bundle. As
X is not supersingular, from Proposition 2.11, we may take U a general smooth,
irreducible, affine surface passing through (X,L) in this moduli space (more cor-
rectly, in a smooth atlas) and B ⊂ U the smooth irreducible curve parametrising
K3 surfaces whose Picard lattices contain Λ, in such a way that if X → U is the
corresponding family of K3 surfaces, we have that Pic(Xs) = ZLs for s ∈ U
very general and L ∈ Pic(X ), Pic(Xb) = Λ for b ∈ B very general, X0 = X
and L0 = L for a point 0 ∈ B.
From the assumptions there exists an integral rational (resp. geometric genus
1) curve in |Lb| on Xb for b ∈ B general. “Spreading” these curves over U by
Corollary 2.10, taking a closure containing 0 and finally applying stable reduction
from [dJ96, Theorem 5.8], we arrive at a diagram like (6.3.1):
C V E
X U B {0}
f ϕ
π
where
• all morphisms are projective,
• V is a smooth quasi-projective surface, surjective and generically finite
over U via ϕ,
• E is a connected component of ϕ−1(0),
• f : C /V → X is a flat family of stable maps of genus g = 0 or 1 to X
over V ,
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• Cs is smooth for ϕ(s) ∈ B general, and
• if g = 1, we require f(Cs) to pass through a fixed general point q ∈ X for
all s ∈ E.
Clearly, the image f(Cs) is rigid for s ∈ E; otherwise we obtain a contradiction to
Proposition 2.7. That is,
f(Cs) = f(CE) for all s ∈ E
where CE = C ×V E. We claim that Cs is smooth for all s ∈ E. Otherwise,
suppose that Ce is singular for some e ∈ E.
When g = 0, from stability of the model, it is obvious that there exist two
irreducible components G1 6= G2 of Ce with f∗Gi 6= 0 for i = 1, 2. When
g = 1, Ce obviously contains a component G such that G is rational and f∗G 6= 0.
Consequently, by Proposition 6.14 or 6.15, there exists an integral curve F ⊂ V
such that ϕ∗F 6= 0, E ∩ F 6= ∅ and Cp is singular for all p ∈ F .
We claim that Cp is reducible for all p ∈ F . This is obvious when g = 0.
When g = 1, f(Cs) passes through a general point q ∈ X for all s ∈ E so f(Cs)
contains a genus 1 curve. Therefore, Cs has a component of geometric genus 1 not
contracted by f for all s ∈ E. And since E ∩ F 6= ∅, the same holds for Cp over a
general point p ∈ F . It follows that Cp is reducible for all p ∈ F .
Consequently, we may write Cp = Mp +Np for p ∈ F , where Mp and Np are
unions of components of Cp with f∗Mp 6= 0 and f∗Np 6= 0. When p ∈ E ∩ F ,
f∗Mp + f∗Np ∈ |L| on X. Since L is indivisible, f∗Mp and f∗Np must generate
Λ over Q. Therefore, Pic(Xϕ(p)) contains Λ as a sublattice for all p ∈ F . This
implies that B = ϕ(F ). But Cp is smooth for ϕ(p) ∈ B general. Contradiction.
Therefore, Cs is smooth for all s ∈ E. Then f∗Cs ∈ |L| is supported on an
integral curve on X for s ∈ E. And since L is indivisible, it must be reduced and
hence an integral curve of genus g in |L|. 
The general case is now similar, and we identify the parts that need to be altered.
Proof of Theorem 6.11. Let B ⊂ MΛ be a general smooth affine curve passing
through the point 0 representing X (again, in some suitable smooth atlas). By our
hypotheses, there is an integral rational (resp. geometric genus 1) curve in |L| on a
general Y ∈ B. Let C ⊂ X be a flat limit of these curves. For genus 1 curves, we
may choose C to pass through a general point onX. Suppose that
C =
n∑
i=1
µiΓi
where µi ∈ Z+ and Γi are irreducible components of C for i = 1, 2, . . . , n. We
can always find a primitive sublattice Σ of Λ satisfying that
• rankZΣ = r − 1,
• L ∈ Σ, and
• D 6∈ Σ for all 0 < D < C , i.e.,
Σ ∩
{ n∑
i=1
aiΓi : 0 ≤ ai ≤ µi, ai ∈ Z, 0 <
n∑
i=1
ai <
n∑
i=1
µi
}
= ∅.
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Such Σ always exists since the primitive sublattices Σ ⊂ Λ of rank r − 1 and
containing L are parametrised by the Grassmannian GrQ(r − 2, r − 1) ∼= Pr−2Q .
Since L is indivisible, L andD are linearly independent overQ for all 0 < D < C .
Therefore, the locus of D ∈ Σ has codimension one in Pr−2Q for each 0 < D < C .
Since there are only finitely many such D’s, we can always find Σ ∈ Pr−2Q that
does not contain any 0 < D < C .
LetMΣ be the component of the moduli space of Σ-polarised K3 surfaces con-
taining MΛ. As before, we choose a general smooth affine surface U ⊂ MΣ
containing B and let X → U be the corresponding family of K3 surfaces such
that Pic(Xs) = Σ for s ∈ U very general, Pic(Xb) = Λ for b ∈ B very general,
X0 = X and L0 = L for L ∈ Pic(X ).
Again, by spreading integral rational (resp. geometric genus 1) curves in |L | on
Xb for b ∈ B over U and applying stable reduction, we arrive at a diagram like
(6.3.1). The rest of the proof is the same as above. 
6.4. Positive characteristic. We note that Theorem 6.11 and Propositions 6.14,
6.15 hold over arbitrary algebraically closed fields. In combination with Theorem
3.8 and Corollary 5.4, to obtain Theorem A in the cases g = 0, 1 (and hence
Conjecture 1.1) in positive characteristic, the cases that remain are the following
three, all over Fp (where the Picard rank is necessarily even).
(1) X is isotrivial elliptic1.
(2) X is a general point ofMΛ,Fp where Pic(X) = Λ is of rank 2.
(3) X is a general point of MΛ,Fp where Λ is one of the lattices in Theorem
3.3.
Even though integral rational (resp. geometric genus 1) curves on the general com-
plex projective K3 surface of Picard lattice Λ of rank 2 can be specialised to integral
ones on every complex K3 of the same lattice, the marked point trick does not im-
mediately proclude these curves from breaking into many irreducible components
upon specialisation to positive characteristic, even on a general member ofMΛ,Fp .
Note that to generalise Theorem 6.1 to arbitrary characteristic, one would need a
version of Lemma 6.5, which ultimately relies on extending the lemma of Arbarello–
Cornalba (cf. Lemma 2.7); see Remark 6.7.
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